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ERRATA.

Page &, live 4, for Heilbronnen read Heilbronoer.

5, 1, for undistinguished read undistinguishing.
11, 6, after notes read at the bottom of the pages. )
13, 1, dels the inverted commas at the beginning of the line,
17, 5, (at the end), for number read colour. 0
ar
29, 25, Suppose =y where a, b, and ¢ are known and = and y unknewn,
93,

9, 10, and 11, the character prefixed to the numbers 1 and 2 is here Ea which is

the first letter of the word Lokeet (see opposite page) ; but it should be a different character, vis. the first
letter of the word Roop Ko

Notée—In Mr. Davis’s notes the word Ja, Roo, Bha, Ca, &c. which are frequently used, are contractions of
Jabut, Roop, Bhady, Canist, &c. They should have been printed with points after them, thus, Ja. Roo. &e.



- PREFACE.

It is known that there are Sanscrit books on Astronomy and Mathematics:
Whether the Science they contain is of Hindoo Origin and of high anti-
quity, or is modern and borrowed from foreign sources, is a question which
has been disputed. Some of the Advocates for the Hindoos have asserted their
pretensions with a degree of zeal which may be termed extravagant; and others
among their opponents have with equal vehemence pronounced them to be
impostors, plagiaries, rogues, blind slaves, ignorant, &c. &c.

My object in the following paper is to support the opinion that the Hindoos
had an original fund of Scnence not borrowed from foreign sources. I mean to infer
also, because of the connexion of the sciences and thelr ordmary course of ade
‘vancement, that the Hindoos had other knowledge besides what is established by
_direct proof to be theirs, and that much of what they had, must have existed in
early times.

But with respect to the antiquity of the spec:mens which I am going to exhnblt,
nothing seems to be certainly known beyond this, that in form and substance as
they are here, they did exist at the end of the 12th or the begmmng of the 13th
Century. )

.It is not my purpose to inquire here what parts of Indian 'science have already '
been ascertained to be genuine. I only wish to observe that the doubts which have
been raised as to the pretensions of the Hindoos are of very recent birth, and that
no such doubts have been expressed by persons who were perhaps as well able to
judge of the matter as we are.*

* The Edinburgh Review, in criticising M. Bentley’s Indian Astronomy, in the 20th number, ably contend.
ed for the antiquity and originality of Hindoo Science, The writer of that article however seems to have left the -
field ; and his successor, in a Review of Delambre’s History of Greek Anlhmellc. has taken the other side of the
question, with much zeal. This Critic is understood to be Mr. Leslie, who, in his Eleme'nts of Geometry, has again
attacked the Hindoos. Mr. Leslie, after explaining the rule for constructing the sines by differences, which was
given in the 2nd Volume of the Asiatic Researches by My, Davis,. from the Surya Slddhanla. addsthe follownig
remark=

A



2 PREFACE.

We are told that in early times Pythagoras and Democritus, who taught the
Greeks astronomy and mathenatics, learnt these sciences in India. The Arabians

« Such is the detailed explication of that very ingenious mode which, in certain cases, the Hindoo Astro-

_ « nomers employ for constructing the table of approximate gines. But totally ignorant of the principles of
« the operation, those humble calculators are content to follow blindly a slavish routine. The Brahmins must
« therefore have derived such inforination from people farther advanced than themselves in science, and of
« 2 bolder and more inventive genigs.” Wimtever may be the pretensions of that phssive mae, thair khow-
« Jedge of trigonometrical computation has ne solid claim to any high antiquity. It was probably, before
« the revival of letters in Europe, carried to the East, by the tide of victory. The natives of Hindustan
« might receive instruction from the Perslan Astronomers, who were themselves taught by the Greeks of
« Constuntinople, and stintilated 10 thosd scientific pursuits b the kil and liberality of their Arabiah cort
« querors.*—(Leslie’s Elements, p. 485.) 4 . . .

When scientific operations are detailed, and most of the theorems on which they dcpend are given in the
form of riles, surely it is not to be infetred bécause the demonstrations do hiot always accompany the talcs,
therefore that they were not known; on tlie contrary, the presmnption in sach a case is that they were
kriewn. So it s here, for the Hindoos certainly had at least as much. trigorometry as is assumed by Mr.
Leslie to be the foundation of their rule. Mr. Leslie, after infetring that the Hindoos must have derived their
science from peoplé farther advanced than themselves, proceeds to shiew the sodrves from which they niight
Bave bortowed, namely, the Persians, the Greeks, and (he Arubians. Nuw axfor the Persians s a nation, we
#o not know of amy science of theirs except what was originally Greek or Arabian. This indeed Mr. Leslie
would seem not to deny; and as for the Greeks and Arabians it is enough to say that the Hindoos could not
‘borrow from them what they never had. They could not have botrowed from them this slavisk routine for
the sines, which depends on a principle not known even to the modern Europeans till 200 years ago. In'short
the tide of victery could not have carried that which did not exist. .

It appears from Mr. Davis's paper that the Hindoos knew the -distinctions of sines, ‘cosines, and versed sines.
Qhey knew that the difference of the radius and the cofine is equal to the versed sine; that in a right-angled
triangle if the hypothenuse be radius the sides ate sines and cosines, They assumed a small arc ¢f a circle as
equal to its sine. They constructed on true principles a table of sines, by adding the first and second
differences. . .

¥rom the Bija Ganita it witl appear that they knew the chief propesties of rightangled wnd simifar triangles.

In Fysee's Lilavati Ifind the following rules: . , ‘

{The bypothenuse of 3 right-angled triangle being 4, _the base &, and the side s.)

. 3t ds?
Astune any large number p, thenﬂ(——:;—s—)ﬁ=h.
b=y (h2—s?) ands = Yy (B —= &)
V(@—s)+2)=h
b 0)(h—b) =h*—b%
) 2
b being given to find & and s in any number of ways; let # be any number; then p—,-%—l= s, and
‘”—-b=‘u
]
""g—' =y, an -—2-—'—’5.

n lﬁﬂggﬂéﬁ,%#m and pr sl &= B,



PREFACE, ) b )

always considered the Indian astrology and astronomy as different from theirs
and the Greeks. We hear of Indian astronomy known to them in the time of the
Caliph Al Mamun. (See d’'Herbelot). Aben Asra is said to have compared the
Indian sphere with the Greek and Persian spheres. (Heilbronnen Hist. Math.
p. 456). We know that the Arabians ascribe. their numeral figures to the

Letp and g be any numbers; then
g =s, p' g*=4 andp* +9* = &

. b2
a—-- a -t —

Given a = h=ts; then 7 =5 and —2-—a_h.

Givena = b +s; then__‘/@h';“') d“."'i/(?h’—a')_‘

There are also rules for finding the areas of tnangles, and foursided figures; among others the rule for the
area of a triangle, without finding the perpendicular. .
For the circle there are these rules (c being the circumference, D the dnameter, ¢ the chord, v the versed une,

& the arch,)
. c:p::23:7; andc : : 3927 : 1250. (Also see Ayeen Akbery, vol. 3, p. 32)
D—V((D + a(p—c)__

QV(D—v) X v=Ccs

4aD(c—a) - —-c’c)

40’-—(c—a)a

Also formulz for the sides of the regular polygons of 3,4,5,6,17,8,9 sides inscribed in a circle. There are
also rules for finding the area of a circle, and the surface and ‘solidity of a sphere. It will be seen also that
Bhascara is supposed to have given these two rules, vize~the sine of the sum of two arcs is edual to the sum
of the products of the sine of each multiplied by the cosine of the other, and divided by $he radins; and the
cosine of the sum of two arcs is equal to the difference between the products of their sines and of their
cosines divided by radius. e

Is it to be doubted that the Hindoos applied their rule for the construction of the sines, to ascertain the
ratio of the diameter of a circle to its circumference !—thus the circumference of a circle being divided into
360 degrees, or 21600 minutes, the sine of 90 degrees which is equal to the radius would be found by the

rule 2438. This would give the ratio of the diameter to the circumference 7 :21 :%7273 and 1250 39.6 ;%;

and assuming, as the Hindoos commonly do, the nearest integers, the ratio would be 7 : 32 or 1250 : 3927.

It is not to be denied that there are some remarkable coincidences between the Greek and the Hindoo science ;
for example,-auiong iany, which might be given it may be suggested that the contrivances ascribed to Anuphon
and Bryso, and that of Archimedes, for finding the ratio of the diameter of a circle to its circumference might
have been the foundation of the Hindoo method; that Diophantus’s speculations on indeterminate problems
might be the origin of the Hindoo Algebra. But there are no truths in the history of science of which we are
better assured than that the Surya Siddbanta rule for the sines, with the ratio of the diameter of a circle o jts
circumference 1250 : 3927; and the Bija Ganita rules for indeterminate probicnu were not haowo to the Greeks.
Such are the stumbling blocks which we always find in our way when we attempt to re(cr the. Hindop science.to
any forelgn orlgm

A2



4 PREFACE,

Indians; and Massoudi refers Ptolemy’s astronomy to them. (See Bailly’s preface
to his Indian astronomy, where is cited M. de Guignes. Mem. Acad. Ins. T. 36,
p. 771). Fyzee, who doubtless was conversant with Greco-arabian learning, and
certainly knew the Hindoos well, has never started. any doubt of the originality
of what he found among them. The prefice to the Zeej Mahommed Shahy, or
Astronomical Tables; which were published in India in 1728, speaks of the
European, the Greek, the Arabian, and the Indian systems as all different.
Fhat work'was cﬁmpﬂed with great learning by persons who were skitled in the
sciences of the West, as well as those of the East®, More examplcs mlght be
given—but to proceed. '

" 'The Bija Ganita is ‘4 Sanscrit- tréatxse on algebra, by Bhascara Achar)a, a
celcbmted Hindoo Astronomér and Mathematician,

“‘Fyzee 1, 'who, 'in 1587, ! tratislated the Lilavati, a work of his 'on atithmetic,’
mensuration, &c..3peaks of an astronomical treatise of Bhascara’s, dated in the’
1105th year of the Salibahn, which answers to about 1183 of our @ra; but Fyzee
also says, it was 378 years before 995 Hegira, which would bring'it down to A.D.
1225. So that Bhascara must have written about the end of the 12th century, or
begmnmg of the 13th.

- A Complete translation of the Bija Gamta is a great desideratum ; so it has
been for more than 20 years, and so it seems likely to remain.

1t will be seen however that we have already means of learning, with sufficient
dccuracy, the contents of this work. -1 have a Persian translation of the Bija Ganita,
which wasnirade in India in 1634, by Ata Allah Rusheedee. The Persian does not in
itself afford a correct idea of its original, as a translation should do; for it is an:

% See Asiatic Researches, 5th vol. on the Astronomical Labours of Jy Singh.

e gt o e o

+ I will here translate a part of Fyzee's preface :—* By order of king Akber, Fyzee translates into Persian,
< from the Indian language, the book Lilavati, so famous for the rare and wonderful arts of calculation and
«¢ mensuration. He (Fyzee) begs leave to mention that the compiler of this book was Bhascara Acharya, whose
« birth place, and the abode of bis ancestors was the city of Biddur, in the country of the Deccan. Though’
« the date.of compiling this work is not mentioned, yet it may be negrly known from the circumstance, that the
@ author made another book on the construction of Almanacks, called Kurrun Kuttohul, in which the date of
« compiling it is mentioned to be 1105 years from the date of the Salibahn, an @ra famous in India. From
“ that year to this, which is the 32d Ilahi year, corresponding with the lunar year 995, there have passed
« 373 years.”

As g\e tahi began in the Hegira (or lunar) year, 992, (see Ayeen Akbery) the date 32 of llabi is of
course an error, Itislikely too that there is an error in the number 373.

Mr. Colcbrogke, in the 9th vol. of Asiatic Researches; gives, on Bhascara’s own authority, the date of his birth,
via. 1063 Saca. In 1105 Salihahn (or Saca) that is, about A, D. 1183, he was 42 years old.



PREFACE; \ $

undistinguished mixturc of text and commentary, and in some places it even
refers to Euclid. But to infer at once from this that every thing in the book
was derived from Greek or Arabian writers, or that it was inseparably mixed,
would be reasoning too hastily. A listle patience will discover evidence of the
algebra which it contains, being purely Hindoo*.

The fullowing paper consists of an account of this translation, and some notes
‘which I shail now mention: -

Mr. Davis, the well-known author of two papers on Indian Astronomy in the
Asiatic Researches, made; many years ago, in India, some abstracts and transla«
tions from the original Sanscrit Bija Ganitaf, and it is greatly to be regretted
that he did not complete a translation of the whole. The papers which contain
his notes had long since been mislaid and forgotten. They have beea but very
lately found, and I gladly avail myself of Mr Davis’s permission to make use of
them here. The chief;part of them is inserted at the end-of my account of the.
Persian translation. To prevent misconception about these notes, it is proper for
me to observe that in making them Mr. Davis had no other object than’to inform
himself generally of the nature of the Bija Ganita; they were not intended
probably to be seen by any second person ; certainly they were never proposed to
convey a perfect idea of _the work, or to be exhibited before the public in any
shape. Many of them are onloose detached pieces of paper, and it is probable
that, from the time they were written till they came into my hands, they were
never looked at again. But nevertheless it will be seen that tbey do, without
doubt, describe accurately a considerable portion of the most curious parts of the
Bija Ganita; and though they may seem to occupy but a secondary place here,
they will be found of more importance than all the rest of this work together.

They shiew positively tliat the main part of the Persian translation is taken from

. The late Mr. Reuben Burrow in one of his papers in the Asiatic Researches says, he made translations
of the Bija Ganita and Lilavati. Those translations he left to Mr. Dalby. They consist of fair copies in
Persian of Ata Allab’s and Fyzee’s translations, with the Englith of each word written above the Persian.
The words being thus tramslated separately, without any regard to the meaning of complete sentences, not a
single passage can be made out. It is plain, from many short notes which Mr. Burrow has written in the
margin of his.Bija Ganita, that he made his verhal translation by the help of a Moonshee, and that he hac
the original Sanscrit at hand, with some opportunity of consulting -it occasionally. 1 am much obliged to Mr,
Dalby for allowing me the use of Mr. Burrow’s copy which has enabled me to supply deficiencies in mine ; and
it is otherwise interesting, bocause it shews. that- Mr. Burrow had access to the original Sanscrit (probably by
means of a Moonshre and a Pundit) and compared it with the Persian.

t It is 4o be remarked that they were made from the Sanscsit only. Mr. Davis neves saw, the Persian.
translation. . . ,

LI TN * -



6 PREFACE,

the Sansciit work, and that the references to Euclid are interpolations of the
Persian translator they give most of the Hindoo Algebraic notation* which is
wanting in the Persian, and they shew that tlle Astronomy of the Hindoos was
connected with their Algebra.

I must however confess, that even betore I saw these notes the thing was to
my mind quite conclusive. For I found (as will be seen) in this Persian trans-
lation of 1634, said to be from the Sanscrit, a perfectly connected structure of
science, compreliending propositions, which in Europe were invented successively
by Bachet de Mezeriac, Fermat, Euler, and De La Grange 1.

* The Hindoos have no mark for 4, they only separate the quantities to be added by a vertical line
thus| or||, as they separate their slocas or verses.

“Theit mark for minus is a dot over the quantity to be subtracted.

- Instead of a mark for multiplication they write the factors together as we ?o, thus, ab fora x &.

Division they mark as we do by a horizontal line drawn between the dividend and divisor, the lower
quantity being the divisor. '

For unknown quantities they use letters of the alphabet as we do. They use the first letters of the words
‘signifying colours.

The known quantity (which is always a number) has the word roop (form) or the first letter of the word prefixed.

‘The square of the unknown quantity is marked by adding to the expression of the simple quantity the first
Jetter of thé word which means square, and in like manner the cube.

The'sides of an equation are written one above another ; every quantity on one side is expressed again directly
under it on the other side. Where there is in fact no corresponding quantity, the form is preserved by writing
that quantity with the co-efficient 0.

““The methods of prefixing a letter to the known number, and using the first letter of the words square and
cube are the same as those of Diophantus. I mention it as a curious coincidence; perhaps some people may
attach more importance to it than I do.

+ The propositions which I here particularly allude to are these:—

1. A general method of solving the problem o

:: ‘= ¥, 4, b and ¢ being given numbers and » and y
indeterminate. The solution is founded on a division like that which is made for finding the greatest common
measure of two numbers. The rules comprehend every sort of case, and are in all respects quite perfect.

2. “The problem am? 4 | =%, (a being given and m and n required) with its svlution,

3. The application of the above to find any number of values of ax?+ 8= y? from one known case,

" 4. To find values of = and ¥y in ax? + b=y* by an application of the problem ‘fx;:c =y Itisuwm:

Hecessary for me kere to give any detail of the Hindoo methods.

The first question about this ‘extraordinary matter is, what evidence have ‘we that it is not afl a forgery ?
T answer, shortly, that independently of its being now found in the Sanscrit books, it is ascertained to have
been there in 1634 and 1587, thatis to say, in times when it could not have been forged.

The following extract from a paper of De La Grange, in'the 24th volume of the Mémoirs of the Berlin
Academy, for the year 1768, contains a summary of that part of the histary of Algebra which is now alluded to,
As for the 4th of the points abovementioned, the method in detail (however imperfect in some respects) is, as
tér2s 1 know, new to this day. The first application of the ‘prin¢iple in Europe is to ke sought in the writings
of De LaGrange himself.
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To maintain that the Bija Ganita rules for.the solution of indeterminate pro-
blems might have been had from any Greek or Arabian, or any. modern European
writers before the Mathematicians just named, would be as absurd as to say that
the Newtonian Astronomy might have existed in the time of Ptolemy. It is true
that Bachet wrote a. few years before 1634, but this is no sort of objection to the
argument, for that part which might be questioned as a mere copy of Bachet’s
method, namely, the rules for indeterminate problems of the first degree, is closely
connected with matters of latter invention in Europe, and is in Mr. Dalby’s copy
of Fyzee's translation of the Lilavati, which I have before said was made in 1587 3
and Mr. Davis’s notes shew that it is in the Sanscrit Bija Ganita, which was

« La plupart des Géometres qui ont cultivé Panalyse de Diophante sesont, 3 Vexemple de cet illustre inven-
< tuer, uniquement appliqués a eviter les valeurs irrationelles; et tout Partifice de leurs méthodes se reduit &
« faire en sorte que les grandeurs inconnues puissent se déterminer par des nombres commensurables.

~« Lart de resoudre ces sortes de questions ne demande gueres d’autres principts que ceux de I'amlysc
¢ ordinaire ; mais ces principes deviennent insuffisant lorsqu’on ajoute Ja condition que les quantitis char
# chées soient non sculement commensurables mais encore égales @ des nombres entiers.

# M. Bachet de Mezeriac, auteur d’un excellent commentarie sur Diophante et de différens autres ouvrages
« est, je crois, le premier quit ait tanté de soumettre cette condition au calcul. Ce savant a‘trouvé une mé(hode
¢ générale pour resoudre en nombres entiers toutes les equations du premier degré a deux ou plusieuts incon.
“« nues, mais il ne paroit pas avoir été plus loin; et ceux qui aprés lui se sont occupds du m&me objet, ont
= aussi presque tous boru¥ leurs recherches aux equations indéterminées du premier degré ; leurs efforts se
« gont r&luits a varier les méthods qui peuvent-servir a la resolution de ces sortes d’equations, et aucun, si

“ j'ose le dire, n’a donné une methode plus directe, plus générale, et plus ingenieuse Jue celle de M. Bachet
¢ qui se trouve dans ses récréations mathématiques intituéles ¢ Problems plaisans et délestubles gui se font gar les
* sombres” Il est a la vérité assez surprenant que M. de Fermat qui s'etoit si long tems et avec tant de
« succés exercé sur Ja théorie des nombres entiers, n’ait pas cherché 3 resoudre généralemient les problems
« indeterminés du second degré, et des degrés superieurs comme M. Bachet avoit fait ceux du premiier degré;
* on a cependent lieu de croire qu’il s'etoit aussi appliqué a cette recherche, par le probleme qu’il preposa
¢ comme une espece de défi 2 M. Wallis et & tous les Geometres Anglois, et qui consistoit & trouver deux
« carrés entiers, dont Pun étant multiplié par un nombre entier donné non carré & ensuite retranché de autre,
« Je reste fut etrc égal 3 I'unité, car, outre que ce probleme est un cas particulier des €quations du second
¢ dégré & deux inconnués il est comme la clef de la résolution génerale de ces équations. Mais soit que
« M. de Fermat n’ait pas continué ses recherches sur cette matiere, soit qu'elle ne soit parvemue jusqu'a pous,
il est certain qu’on n'en trouve aucune trace dans ses ouvrages.

« 1) paroit mé¢me que les Geometres Anglois qui ont résolu le probleme de M. de ¥ermat n’ont pas contm
« toute importance dont il est pour la solution géuérale des problemes indéterminés du second degré, du
“ moins on ne voit pas qu'ils en ayant jamais fait usage, et Euley est si je ne me trompe, le prémhier.qui ait
* fait voir comment 3 I'aide de ce probleme on peut trouver une infinité de solutions en nombres enuers dc
“ toute éyuation du second dégré 3 deux inconnues, dont on connoit déja une solution.

¢ Ii résulte de tout ce que nous venons de dire, que depuis Pouvrage de M. Bachet que-a paru en 1613,
* jusquw'a présent, ou du moins jusqu'au mémoire que je donnai Pannée passée sur la solution de problems

# indéterminés du sécond dégré, la théorie de ces sortes de problemes n’avoit pas a proprement patler,
# poussée au dela du premier dégré.”
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written four centuries before Bachet. Though we are not without direct proofs
from the original, yet, as even the best Sanscrit copies of the Bija Ganita, or any
number of such copies exactly corresponding, would still be open to the objection
of interpolations, it is necessary in endeavouring to distinguish the possible and
the probable corruptions of the text, from what is of Indian origin, to recur to
the nature of the propositions themselves, and to the general history of the
science. Indeed we have not data enough to reason satisfactorily on other prin-
ciples. We cannot rely upon the perfect identity or genuineness of any book
before the invention of printing, unless the manuscript copies are numerous, and
of the same age as the original. Such is the nature of our doubt and difficulty
in this case, for old mathematical Sanscrit manuscripts are exceedingly scarce ;
and our uncerfainty is greatly increased by a consideration of this fact, that in
latter times the Greek, Arabian, and modern European science has been introduced
into the Sanscrit books.

Yet, in cases precisely parallel to this of the Hindoos, we are not accustomed
to withhold our belief as to the authenticity of the reputed works of the ancients,
and in forming aar judgment we advert more to the contents of the book than
‘to the state of the manuscript. When the modern Europeans first had Euclid,
‘they saw it only through an Arabic translation. Why did they believe that
pretended- translation to be authentic? Because they found it contained a well
connected body of science; and it would have been equally as improbable to
suppose that the Arabian translator could have invented it himself as that he could
have borrowed it from his countrymen. There are principles on which we decide
such points. We must not look for mathematical proof, but that sort of proba-
bility which determines us in ordinary matters of history.

Every scrap of Hindoo science is interesting ; but it may be asked why publish
‘any which cannot be authenticated ? I answer, that though this translation of
“Ata Allah’s which professes to exhibit the Hindoo algebra in a Persian dress, does
indeed contain some things which are not Hindoo, yet it has others which are
certainly Hindoo. By separating the science froin the book we may arrive at
principles, which if cautiously applied, cannot mislead, which in some cases will
shew us the truth, and will often bring us to the probability when certainty is
not to be had. On this account I think the Persian translation at large interest-
‘ing, notwithstanding it contains some trifling matters, some which are not m’-
telligible, and others which are downright nonsense.

I have said that Mr. Davis’s notes shew a connexion of the algebra of the
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Hindoos with their astronomy. Mr. Davis informs me that in the astronomical
treatises of the Hindoos, reference is often made to the algebra ; and particularly
he remembers a passage where Bhascara says “ it would be as absurd for a person
“ jgnorant of algebra to write about astronomy, as for one ignorant of grammar
‘ to write poetry.”

Bhascara, who is the only Hindoo writer on algebra whose works we have
yet procured, does not himself pretend to be theinventor, he assumes no character
but that of a compiler®.- Fyzee never speaks of him but as a person eminently
skilled in the sciences he taught. He expressly calls him the compiler. of the
Lilavati.

- T understand from Mr. Davis, and I have heard the same in India, that the
Bija Ganita was not intended by-Bhascara as a separate unconnected work, but
as a component part of one of his treatises on astronomy, -another part of which
is on the circles of the sphere.

" I'have found among Mr. Davis’s papers, some extracts from a Sanscrit book of
astronomy, which I think curious, although the treatise they were taken from is
modern. Mr. Davis believes it to have been written in Jy Sing’s time, when the
European improvements were introduced into the Hindoo books. Two of these
extracts 1 have added to the notes on the Bija Ganita. The first of the two
shews that a method has been ascribed by Hindoo Astronomers to Bhascara of
calculating sines and cosines by an application of the principles: which solve
indeterminate problems of the second degree. This suggestion is doubtless of
Hindoo origin, for the principles alluded to were hardly known in Europe in
Jy Sing’s timet. I think it very probable that the second extract is also purely
Hindoo, and that the writer knew of Hindoo authors who said the square root
might be extracted by the cootuk ; that is to say, the principle which effects the
solution of indeterminate problems of the first degree. From this, and from: what
is in the Bija Ganita, one cannot but suspect that the Hindoos had continued
fractions, and possibly some curious arithmetic of sines. On such matters how-

ever, let every one exercise his own judgment. |

# « Almost any trouble and expence would be compensated by the possession of the three copious treatises
¥ on algebra from which Rhascara declares he extracted his Bija Ganita, and which in this ptft of India are
« supposed to be entirely lost.”—As. Res. vol. iii. Mr. Davis *“ On the Indian Cyele of 60 yean

+ Jy Sing relgned from 1694 to 1744,
b4 Mr. Reuben Burrow, who, by the bye, it must be confessed is very enthusustlc oa ’these sub;ecu. in a paper.
]
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We must not be too fastidious in our belief, because we have not found the
works of the teachers of Pythagoras; we have access to. the wreck only of their
ancient learning; but when we see such traces of a more perfect state of know-
ledge, when we see that the Hindoo algebra 600 years ago had in the most
interesting parts some of the most curious modern European discoveries, and
when we see that it was at that time applied to astronomy, we cannot reasonably
doubt the originality and the antiquity of mathematical learning among the
Hindoos. Science in remote times we expect to find within very narrow limits
indeed : its history is all we look to in such researches as these. Considering
this, and comparing the contents of the Hindoo books with what they might
have been expected to contain, the result affords matter of the most curious
speculation. ’

May I be excused for adding a few words about myself. If my researches have
not been so deep as might have been expected from the opportunities I had in
India, let it be remembered that our labours are limited by circumstances. It is
true I had at one time a copy of the original Bija Ganita, but I do not under.
stand Sanscrit, nor had I then any means of getting it explained to me. Official
avocations often prevented me from bestowing attention on these matters, and
from seizing opportunities when they did occur. Besides, what is to be expected,
in this way from a mere amateur, to whom the simplest and most obvious parts
only of such subjects are accessible?

E. S,

The following account of Ata Allah’s Bija Ganita is partly literal translation,
paitly abstract, and partly my own.

'The literal translation is marked by inverted commas ; that part which consists
of my own remarks or description will appear by the context, and all the rest is

abstract. .
I have translated almost all the rules, some of the examples entirely, and

in the appen:lix of the 2d vol. of the As. Res. speaks of the Lilavati and Bija Ganita, and of the mathematical
knowledge of the Hindoos : He says, he was told by a Pundit, that some time ago there were other treatises of

algebra, &c. (See the paper.)
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others in part; in short, whatever I thought deserving of particular attention, for

the sake of giving a distinct idea of the book.
Perhaps some of the translated parts might as well have been put in an
abstract; the truth is, that having made them originally in their present form

I have not thought it worth while to alter them.
The notes are only a few remarks which I thought might be of use to save

trouble and to furnish necessary explanation.
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BIJA GANITA.

et~ G~

¢ A FrER the usual invocations and complirﬁents, the Persian translator begius thus:
“ By the Grace of God, in the year 1044 Hegira” (or A. D. 1634) * being the
“ eighth year of the king’s reign, I, Ata Alla Rasheedee, son of Ahmed Nadir,
“ have translated into the Persian language, from Indian, the book of Indian
“ Algebra, called Beej Gunnit (Bija Ganita), which was written by Bhasker Acharij
“ (Bhascara Acharya) the author of the Leelawuttee (Lilavati). In thescience of .
* calculation it is a discoverer of wonderful truths and nice subtilties, and it con-
“ tains useful and important problems which are not mentioned in the Leelawuttees
“ norin any Arabic or Persian book. Thave dedicated the work to Shah Jehan, and
“ I have arranged it according to the original in an introduction and five books.”

INTRODUCTION.

“ The introduction contains six chapters, each of which has several sections.”

'CHAPTE_R 1. .
Ox PossesstoN (L) * anp DesT ((4e0).
“ Know that whatever is. treated of in the science of calculation is either

“ affirmative or negative ; let that which is affirmative be called mal, and that
“ which is negative dein. This chapter has five sections.”

" Seer. L
On Addition and Subtraction, that is, to encrease and diminish.

“ If an affirmative is taken from an affirmative, or a negative from a negative,
* the subtrahend is made contrary; that is to say, if it is affirmative suppose it
“ negative, and if negative suppose it affirmative, and proceed as in addition.

“ The rule of addition is, that if it is required to add two affirmative quantities,

N
L g 0 -

’ . * Most of the technical terms here used are Arabic,
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“ or two negative quantities together, the sumis the result of the addition. If
¢ they are affirmative call the sum affirmative: if negative call the sum negative.
“If the quantities are of different kinds take the excess; if the affirmative is
‘ greater, the remainder is affirmative; if the negative is greater, the remainder
“ is negative; and so itis in subtraction.” (Here follow examples).

Secr. IL
On Multiplication *.

“ If affirmative is multiplied by affirmative, or negative by negative, the product
“.is aﬁirmatwe and to be included in the product. If the factors are contrary
«¢ the product is negative, and to be taken from the product. For example, let us
“ multiply two affirmative by three affirmative, or,two negative by three negative,
“ the result will be six affirmative; and if we multiply two affirmative by three
‘“ negative, or the contrary, the result will be six negative.” '

Secr. IIL
On Division.

¢¢ The illustration of this is the same as what has been treated of under multi-
“ plication, that is to say, if the dividend and the divisor are of the same kind
“the quotient will be affirmative, and if they are different, negative. For
‘“ example, if 8 is the dividend and 4 the divisor, and both are of the same kind,
“ the quotient will be 2 affirmative ; if they are different, 2 negative.”

SecT. IV.
On Sgquarest.

¢ The squares of affirmative and negative are both affirmative; for to find the

2 In the Persian translation the product of numbers is generally called the rectangle.
4 I had a Persian treatise on Algebra in which there was this passage—* Any number which is to be multiplied

# by itself is called by arithmeticians root ( )c.\;) by measurers of surfaces side ( é&a) and by alge-
# braists thing (LS»') And the product is called by arithmetictans square ( Js \)\‘Svo) by measurers
«“ of surfaces square (é")") and by algebraists possession ( J Lo) dLo is also used for plus, and

its opposite debt ( wd) for minus. These terms, all of which are Arabic, are used in the Persian translation
of the Bija Ganita, the geometrical more frequently than their corresponding arithmetical or algebraical ones.
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* square of 4 affirmative we multiply 4 affirmative by 4 affirmative, and by the rules
“ of multiplication, as the factors are of the same kind, the product must be 16
“ affirmative, and the same applies to negative.”

Sect. V.
On the Square Root.

“ The square root of affirmative is sometimes affirmative and sometimes nega-
“ tive, according to difference of circumstances. The square of 3 affirmative or
“ of 3 negative is' 9 affirmative; hence the root of 9 affirmative is sometimes 3
“ affirmative and sometimes 3 negative, according as the process may require.
‘“ But if any one asks the root of 9 negative I say the question is absurd, for there
“ never can be a negative square as has been shown.”

CHAP. II.
ON THE CIPHER.

“ It is divided into four sections.”

Secrt. I ,
On Addition and Subtraction.

“If cipher is added to a number, or a number is added to cipher, or if cipher
“ is subtracted from a number, the result is that number : and if a number is sub-
“ tracted from cipher, if it is affirmative it becomes negative, and if negative it
“ becomes affirmative. For example, if 3 affirmative is subtractea from cipher
¢t it will be 3 negative, and if 3 negative is subtracted it will be 3 affirmative.”

Sect. 1L
On Multiplication.

]

« If cipher is multiplied by a number, or number by cipher, or cipher by cipher,:
“ the result will be cipher. For example, if we multiply 8 by cipher, or con-
“ versely, the result will be cipher” - :
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Secr. III
On_Division,

¢ If the dividend is cipher and the divisor a number the quotient will be cipher.
“ For example, if we divide cipher by 3 the quotient will be cipher, for multi-
“ plying it by the divisor the product will be the dividend, which is cipher:
“ and if a number is the dividend and cipher the divisor the division is impossible ;
¢ for by whatever number we maltiply the divisor, it wz]l not arrive at the divi-
“ dend, because it will always be cipher.”

Secr. IV.
On Squares, &c. -

“ The square, cube, square root, and cube root of cipher, are all cipher; the
“ reason of which is plain.” -

CHAP. III.
Ox Corours.

“ Whatever is unknown in examples of calculation, if it is one, call it thing,
“( Ls’“ ), and unknown (‘)JV:\") ; and if it is more call the second black,

. and “the third blue, and the fourth yellow, and fifth red. Let these be termed
4% colours, each according to its proper colour. This chapter has five sections.

Secr. I.
On Addition and Subtraction of Colours.

“¢ When we would add one to another, if they are of the same kind add the
* numbers* together ; if they are of two or more kinds, unite them as they are,
“ and that will be the result of the addition.” Here follows an example.

¢ If we wish to subtract, that is to take one from the other, let the subtrahend
«be reversed. If then two terms of the same kind are alike in this, that they are
“ both afirmative or both negative, let their sum be taken, otherwise their dif-
« ference, and whatever of the kind cannot be got from the minuend, must be

* Meaning here the co-efficients,
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¢ subtracted from cipher. Then let it be reversed, and this will be the result
“ exactly.” (Here follows an example).

Secr. II.
On Multiplication of Colours.

¢¢ If a colour is multiplied by a number the product will be a number®, » X
“ will be z*, whether the number is the same or different, and the product multi-
¢ plied by z will be 2%, If the colours are different multiply the numbers of both
“ together, and call the product the rectangle of those two colours.” The
following is given as a convenient method of multiplying:

+ 3o + 2
+5r - 4+ 152* | 4+ 100
-1 — Sr — 9

Product |4 152 +70—2

which shews the product of (50 —1) X (82 4 2.) (Here follow examples).

Secr. IIL
On Division of Colours.

4¢ Write the dividend and divisor in one place, find numbers or colours or both,
“ such that when they are multiplied by the divisor, the product subtracted from

¢ the dividend will leave no remainder. Those numbers or colours will be the
* quotient.”

* In the Persian translation there Is'no algebraic notation, I mean to) translate * the unknown® by x, * the
black” by y, and so on. And in like manner I have used the marks of multiplication, &c. instead of writing
the words at length as they are in-the Persian,

C
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Secr. 1V.
On the square of Colours :

 That is to say, the product arising from any thing multiplied by itself.”
Exampies.

Secr. V.
On the Square Root of Colours.

““ To know the square root of a eolour, find that whiclh when it is multiplied hy
¢ jtself the product subtracted from the colour whose root is required, willleave no
* remainder. The rule is the same if there are other colours or numbers with
“ that colour.” )

Evample. Required the square root of 16.* 436 —48x. The roots of 16.* and
36 are 4r and 6, and as 48z is — these two roots must have different signs.
Suppose one + and the other —, multiply them and the product will be — 24r;
twice this is — 482 which was required. The root then is +42—6, or 46— 4.

Another Example. Required the square root of 9s*+4y*+2*+ 120y —61x—
4ys—6r—4y—+2z-+1. Take the root of each square ; we have 3z, 2y, 2, and 1.
Multiply these quantities and dispose the products in the cells of a square,

sz | oy [ = 1

Sr 9x* | 6y | Srz | Sr

2y | 6zy | 4y | 29z | 2y

, . Sxz | 2z | 2° 2}

1 | sz [ 2 | 2 |} 1t

To find what sort of quantities these are: The product of 2 and y is 4, there-
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fore the factors are like, suppose them both —. The product of # and z is —,
therefore the former having been supposed — the latter must be + hecause the
factors must be different. 3. is the product of 32 and 1 ; and & being —, 1 must
be +. The sorts thus found are to be placed in the cells accordingly. The sum
of the products is the square whose root was required. If & had been supposed
+ the sorts would have been contrary, the reason of which is plain.

. CHAP. 1V.
ON SuRrbs.

Containing five sections.

Secr. I.
On Addition and Subtractien.

To find the sum or difference of two surds; +/a and /4 for instance.

Rule. Call @ 4 b the greater surd; and if @ X b is rational call 2y/ab the less
surd. The sum will be v/(a+b+42v/ab)*, and the difference v/(a+b—2v/ab).
If @ X b is irrational the addition and subtraction are impossible.

Ezample. Required the sum of +/2 and +/8; 2 4+ 8 = 10 the greater surd.
X 8=16, Y/ 16=4, 4X2=8 the less surd. 10+48=18 and 10—8=2. /I8
then will be the sum and /2 the difference. If one of the numbers is rational
take its square and proceed according to the rule, and this must be attended to in
multiplication and division, for on a number square with a number not square
the operation cannot be performed.

Another Rule. Divide a by b and write \/ g— in two places. In the first
place add 1, and in the second subtract 1 ; thew we shall haveV ((‘/ :- +1)* X )

=va+vbhand \/ ((‘/ %- 1)*Xb)=v/a— ¥ b. 1f§ is irrational the addition

can only be made by writing the surds as they are, and the subtraction by writing
the greater number + and the less —

*Fory(atdx2yab)=yatyb

c 2



20. INTRODUCTION.

Secr. 1L
On Multiplication.

Proceed according to the rules already given; but if one of the factors has
numbers as dirthems or dinars, take their squares and go on with the operation.

Ezxample. Multiply v/3+5 by v/2++/3++/8. As 5 isof the square sort take
its square, and arrange in a table thus:

-

Ve V'3 V'8

V'3 V6 v9 V24

V85 V50 V75 | 4200

Product |3+ v/54 + /450 + /75

In summing the terms of the product, if any square number is found, take its
root. Here 9 is found and its root is 3. The rest of the terms being irrational,
add such as can be added. +/6+4 v/ 24=4/54. If this last were a square number
its root should be extracted. \ .

Again, v/5044/200=4/450. No further addition is possible; the complete
product therefore is 3+ 4/54+1/450+ ¢/ 75. '

Another rule to be observed is, if any of the terms which compose the factors
can be added, take their sum and write it in the table instead of the terms of
which it is formed. Thus in the last example +/2 and v/8 may be added. Write
+/18 which is their sum in the table, and we shall have
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V'3 V18

! v3 V9 V54

V25 V75 V450

8+V754+ 54 +450

and the result is the same as before.

" Another Example. Multiply +/3+41/25 by v/3++/12—5. Instead of /3 and.
V/1¢ write their sum +/27. Take the square of 5 it is 25, and this is negative
notwithstanding the rule which says that whether the root is negative or affirma-
tive the square shall be affirmative. Here the square must be of the same sort as
the root, Multiply +/27— /25 by v/3+1/25. j

Va7 —V'25

+ V'3 +v/81 [—V75
+v25 | +v0675 —\/sez{
—16 4 /300

v/81=9 and +/625=25. 25 being negative and 9 affirmative their sum is — 16,
and the sum of + +/675 and — /75 i8 ++/300. - Therefore (V'8 ++/25) X
(V8+v12=5) = —16+4/500.
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Secr. III.

On Division.

Divide the dividend by the divisor, and if the quotient is found without a re-
mainder the division is complete. When this cannat be done proceed as follows :

When in the divisor there are bath affirmative and negative terms, if there are
more of the former make one of them negative; if more of the latter make one
of them aftirmative. When all the terms are affirmative make one negative, and
when all are negative make one affirmative. . When the number of affirmative
terms is equal to that of the negative, it is optional to change one of thewn or not.
Multiply the divisor (thus prepared) by the original divisor, and add the pro-
" .ducts rejecting such quantities as destroy each other. Muitiply the prepared
divisor by the dividend, and divide the product of this multiplication by that of
the former the result will be the quotient required.

Example. Let the dividend be that which was the product in the first example
under the rule for multiplication, viz. 3 4 /54 + v/450 + /75, and the divisor
V18 4+ V3.

75 450 54

— — t—o 9 g 24 _ —

the quotient then is 5 4 v/3.

Another Example. Divide v/9 + /54 + /450 + /75 by 5 + v'3. Make
/3 negative, and multiply 5 {or +/25) — y/8 by the divisor y/25 + /8.

v+4/25u —v'8

+#3 [+v75 | =v9

b /25 | +/635 | —(75
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V75 occurring twice with opposite signs is destroyed. /695=25, /9==
25—3=22=y/484. Multiply v/25 — /8 by the dividend and we have

+v9 +v/54 | +v/450 | +v75

—v3 | =ver | —v162 |—v1350 | —v/225

. e

+v/25 +v/225 | +v/1350 | 4 /112507 /1875

Here +/¢25 and /1350 are rejected.  FKind the sum of /27 and 4/1875 in this
RIanner,
1875 b 27 = 1902, 1875 X 27 = 50625, ¢/ 50625 = 295
295X 2 =450, 1902—450==1452, ¢/14522y/1875—/27.
Next find the sum of +/162 and +/11250.
162+ 11250=11412, 162X 11250=1822500,
v/1822500=1350, 1350X2=2700; 11412—2700=8712,
Vv 8712=4/11250—y/162. By the multiplication of the dividend we have found
V1452 and +/8712. .
Divide these by +/484 which was the result of the multiplication of the
divisor, and we shall have v/18, and +/3 for the quotient required. If /8 is
retained as correct, and 4/ 18 is considered as incorrect, instead of ¢/ 18 othov
numbers may be found by the following rule *.
Divide the incorrect number (meaning the number under the radical SIgn) by .
any square number which will divide it without a remainder, and note the qnotient.

Divide the root of that square number into as many parts as there are numbers
required. ‘Take the squares of these parts ; multiply them by the quotient abave

I - TR CI.

# To resolve y/ ¢ into several parts, divide a by any square 4%, and let 4 be resolved into as ihany pans, ¢, d, ¢,
&c. as may be requu‘ed Thenya= ‘\/( 2 + x/(bz d2) 4 ~/(b‘ %) &c. whicb may, be proved by addmg

the quantitics.
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found, and the roots of the several products will be the remaining parts of the
quotient required.

19—8:2, VvV9Y=3,3=1+2 1'"=1, 2°=4, 1 X2=2, 4X2=28.
v/2 and /8 are the remaining parts of the quotient. -
Secr IV.
On the Squares of Surds.

Multiply the surds by themselves.—(Here follow examples).—The squares are
found by multiplying the surds in the common way.

Sect. V.
On finding the Square Roots of the Squares of Surds *.

«¢ If the square is of one surd or more, and I would find its root ; first I take the
“ square of the numbers that are with it, and subtract these squares from it.
« Accordingly after subtraction something may remain. I take the root of what-
¢ ever remains, add it in one place to the original number, and in another sub-
¢ tract it from the same. Halve both the results, and two roots will be obtained.
< T then re-examine the squares of the surds to know whether any square remains

® Leta + ¢/ b+ ¢/ ct¢/d, &c. be the square of a multinomial surd, a the sum of the squares of the roots, and
Vb 4 V¢ + v d 4 &c. the product of the roots taken two and two. The number of roots being n, the num-
Der of terms in the square will be »2, of which # will be the number of rational terms, and #*— n the number of

e—n .
3 will express the number of surd terms,

surd products. If we call the double products siogle terms, “

and considering the sum of the rational terms as one term, the proposed square may be reduced to the form
(*+y+z2+ &c) + 2V 2y + 2¢/ 2z + &c.) + Q¢ 7z + &c. &)
where ¢z + ¢y + vz + &c. is the root of the square, and the surd terms of the square are divided into
periods of n—1, n—2, n—3, &c. as directed in the Beej Gunnit.
Supposing * + y + z + &c. =@
y+z2+ & =r
L < &Ce =S
&c. &c.

‘/Qi‘/(;.—-“n):yxcr‘/u

‘/"—————i ‘/(';.— %) = yyorys
‘/s o= 4/ (s? — 427 )

2

= ¢/a or &c. and so on.
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“¢ after the subtraction or not: if none remains these two are the roots required ;
“if any remains, that one of these two roots, to which the following rule cannot
¢ be applied, is correct, and the other is the sum of two roots; from that root we
“ obtain- the two roots required. The way of the operation is this, suppose that
¢ root number, and take its square, and subtract from it the square which was
“ not subtracted at first, and take the root of the remainder; let this be added in
“ one place to the original number which we supposed, and subtracted from it in
¢ another place, and halve both the results, twe roots will be obtained. If then
* these three are the roots required, the operation is ended, otherwise go on with
¢ it in the same manner till all the roots are found; and if the fiist question is
“ of a number without a square of a surd, it may be solved by the operation
“ which was described at the end of division. And if in the square there are one
“ or more surds negative, suppose them aflirmative, and proceed to the end with
“ the operation ; and of the two roots found let one be negative.”

Required the root of 5 +4/24; 5* =25, 25 —24 =1, v1=1,54+1=6;

5—1=4, g:.‘}and :;:2; and /3 +v'2 = V/(5+v/24).

Another Example. Required the root of 10+1/24 + +/40 +4/60; 10'=100,
100— (24+40) = 36,436 =6, 10 + 6 = 16, 10—6 = 4, 1_2§ = 8,% = ¢, then

we have v/ and /2.  As 60 remains to be subtracted, one of these two numbers
is one term of the root, and the other is the sum of two remmining terms
(should be the root of the sum of the squares of the remaining terms). The rule
is net applicable to ¢, thercfore 8 must be the sum of the terms. 8 = 64,

64—060=4, v/4=2, 84+2=—10, 8—2=6, _12‘_’ =5 and g = 3. Wherefore v/2+
V3 + V5 = V{104 v/ 24 +4/40+1/60).

Another Example. Required the root of 16 4+ v/24 + V40 4+ /48 + 60
4+¢/724+1120; 16°=256, 256—(24+40+48) =144,/ 144=12, 16412=28,

0 -
16— 12=4, -"-; = 14, § =2; we have then v/14and v/2. As the rule does not

apply to 2, 14 must be the sum of two remaining terms of the root. 14*= 196,

;96—(120+72):4, V4i=2, 144+2=16, 14—2=19, ]26: 8,;—2:6.- One surd

remaining, and the rule not being applicable to 6, 8 must be the sum of two
D
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' ] 6 :
terms. 8*=64, 64—060=4, y4=2, 83+2=10, 8—*-2:6,-—3:5, and g — 3.

All the terms of the square having been brought down, the complete root is
VE+V5+ V3+ Ve
Another Erample. Required the root of 72: 72'=5184, 0*=0, 5184—0=5184,
Vv 5184=72, 72+72 =144, 72—72=0, 1-;- =172 g: 0, v/72 then is the root.
If instead of one term three terms are required, find them by the rule
given in the section on division; divide by 36 which is a square number,
72

=7
Q
-~

] 72
= (2) \/36———6, 6=3+2+1, 3":9, 2’.:4, lt:- ) 9X ;—6—= 18’ 4)( :;G = 8}

1 X :Z"?)' = @; therefore v/72=v/18+4+v/8+v2. If three equal terms had been

required, the root of the divisor must have been divided into three equal parts.

Another Example. 1t is required to find the difference of v/8 and v/7. The
rule not being applicable to this case, suppose +/7 affirmative, and /3 negative,
the square of these numbers is 10—4/84. To determine the root of this, suppose
$4 to be positive; 10°=100, 100—84=16, V16 =4, 10+4=14, 10—4 =6,
-154 =7, g- —3. We have then +/7 and /3, one of which must be minus because

/84 was minus.
Another Ezample. Whether the root is +v/&+v/3— V5 of —v/2—V/3 +v/5
the square will be the same, viz. 104+v/24—+/40—+/60.
Let the root of this square be determined: 10*==100, 100 — (40 + 60) = G,

+/0=0, 10+0=10, 10—0=10, -1-59:5, -lé(-)=5. As /24 remains, 5* =25,

95 — 24 =1, /1=1, 54+1=6, 5—1:4,2:3,:—:2. If 24 4 40 is sub-

16
tracted from 100 there remains 36, ¥ 36=6,104+6=16, 10—6=4, Y =38, % =2.
6

As /60 remains 8*=64, 64—60=4, /4=2, 8+2=10, 8—2:6,-%-) =3, 3= 3.
If 24 4 60 is subtracted from 100 there remains 16. +/16=4, 10+4=14,

14 6 ..
10—4=6, - =7 5= 3, V40 yet remaining, 7* =49, 49—40=9, +/9=3,
74 8=10, 7 — 3=H4, l—; =3 g = 9.. The terms of the root are +/2 and
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/3 and /5. If 2and 5, or 3 and 5 are buth negative or both affirmative the oper-
ation will be the same; the only difference will be in the signs.

“If the root consists of one term* only, its square will be of the kind of
“ number; if of two terms, its square will be number and one surd ; if the root
¢ has three terms, the square will have one number and three surds ; if it has four,
“ the square will have one number and six surds; if five, one number and ten
¢ surds ; and if six, one number and fifteen surds. The ruleis, add the numbers
“in the natural scale, from 1 to the number next below that which expresses
¢¢ the number of terms in the root, the sum will shew the number of surds. For
“ the use of beginners is annexed a table in which the first column shews the
“ number of terms of the roots; the second column shews the number of surd
‘ terms in the squares; and the thitrd the number of rational terms in the

“ squares, from 1 to 9.

1 0 1
3 1 1
3 S 1
4 6 1
5 10 1
6 15 T
7 21 1
8 28 1
9 36 1

oo

* The number of surd terms in the square beingf—;--2 » is = the sum of the nymbers in the natural scale

from 1 to the number next below n.
D 2
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¢ For numbers consisting of more terms than 9 the number of surds in the
“ squares may be found by the rule which has been given. If in the square there
“ are three surd terms, first subtract two of them from the square of the numbers
« and afterwards subtract the third. If there are six surds, first subtract 8, then
“ 9 and so on ; if there are 10 surds, first subtract 4; if 15, first 5; if 21, first G;
“« if @8, first 7; if 36, first 8 ; and in general the number of surds of the square
«“ will be found in the table in the column of voots next above the number
““ of its root. If they are not subtracted in the regular order, the result will be
“wrong. The test of the operation of this: if either of the two numbers found
* by the rule is multiplied by 4, and the number which was subtracted from the
“ square of the rational term is divided by the product, the quotient will be the
“ other number found, without any remainder. 1If either of those two numbers
“is a correct term of the root, and the other the sum of two roots, the least, or
¢ that which is the correct term, whether in number it be more or less than the
“ number of the sum of two roots, must be multiplied by 4, and every quantity
¢ that has been subtracted must be divided by the products, the quotient will be
“ the numbers of the required roots from the second number. If, after this divi-
“ sion, therc is any remainder the operation is wrong.

“ The squares of all moofrid numbers* are made up either of rational numbers
‘ alone, or of rational numbers and surds, as has been seenin the examples of the
‘‘ section on squares. -

 If a surd occurs there must be a moofrid number with it, otherwise its root
¢ cannot be found. If a surd is divided into two:—For example, if /18 is
“ divided into /2 and 4/8, its root will have one term more than it would have
“ had regularly ; and if two surds are united the root will have one term less.
“ These two operations of separation and union must be attended to and applied
‘““ whenever they are possible.”

E.rample. Required the root of 10 4+ v/32 + v/24 + v/8. From the square
of 10 which is 100, subtract any two of the numbers under the radical signs, and
the remainder will be irrational: the case is, therefore impossible. If we proceed
contrary to the rule, by subtracting at ouce the three terms from 100, we shall

. . 16
have 36 the remainder, then 4/36 =6, 104+6=16, 10—6=4, —~ =8, g =2. We

* Moolrid means simple as opposed to compcund, but in the language of this science it is generally used to
express a number having one significant figure,
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find then /8 and 4/2, but these are not the true roots, for their square is 18.
If we proceed contrary to the rule by finding a surd cqual to two of the surds,
as v/72, which is the sum of +/32 and +/8, and extracting the root of 104
V724424 we shall have for the two roots +/6 and /4, but their square is not
equal to the quantity whose root was required. The foregoing rules are illustrated
by four more examples, which conclude this chapter. -

CHAP. V * ’

“ To find the valuc of an unknown number, such that when it is multiplied by
% a known number, and the product increased by’ a known naumber, and the sum
“ divided by a known number, nothing remains. Call the number by which the
« ynknown number is multiplied the dividend, the number which is added the
“ augment, and that by which the sum is divided the divisor. Find a number
¢ which will divide these three numbers without a remainder. Perform the divi-
“ sion, and write the three quotients, giving each the same designation as the
¢ number from which it was derived. Divide the dividend by the divisor, and
< the divisor by the remainder of the dividend, and the remainder of the divi-
“ dend by the remainder of the divisor, and so on till one remains. Then let the
« division be discontinued. Arrange all the quotients in a line, write the augment
« below the line, and a cipher.below the augment. Multiply the number above
“ the cipher; thatis tosay, the augment, by the number immediately above it,
¢ and to the product add the cipher. = Multiply the number thus found by the
“ number next above in the line, and to the product add the number above the
¢ cipher, and so on till all the numbers in the line are exhausted. If of the two
“ numbers last found, the lower is applied according to the question, the number
« above will be the quotient,

“ To find the least values. Divide the value of ¥ by a and call the remainder y.
“ Divide the value of @ by & and call the remainder ».  Multiply ¢ by the value
¢ of w and to the product add c¢. Divide the sum by 4 and the quotient will be
“ y without any remainder. Aud if to the first remainder we add a again and
‘ again, and to the second remainder b as many times, we shall have new values
“of wvand y.

“ This rule is applicable only when the number of quoticnts is even; when itis

* The rules given in this chapter are in effcot the same as those which have been given by the modem

European Algebraists for the solution of indeterivivate prolbiems of the first degree. Campare themn with the
process by continued fractions. *
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“ odd proceed as follows. Having performed the operations directed above, sub-
“ tract the value of y from @ and that of v from 6. If a number cannot be found
“ to divide @, b, and ¢, without a remainder, but a number can be found to divide
“ g and ¢ without a remainder, (supposing the reduction of these two instead of
¢ that of the three which was directed by the foregoing rule) o will be brought
“ out right and y wrong. To find y right, multiply its value now found by the
¢ divisor of @ and ¢, and the product will be the true value of y. If cand b only
¢ can be reduced by a common divisor, the value of « must be multiplied by the
¢ common divisor, and the quotient will be the true value of x. When ¢ is — sub-
“ tract the value of = from 4, and that of y from a.”

“ If the subtraction is possible let it be done, and the question is solved; if it
¢ is impossible suppose the excess of the subtrahend above the minuend to be
““ negative. Multiply the minuend by a number, so that the product may be
« greater than' the negative quantity. From this product subtract the negative
‘¢ quantity, and the remainder will be the number required.

“ When ais — the same rule is to be observed ; that is, subtract the values of &
“and y from b and @. 1f ¢ is 4+ and greater than 4 reject 4, and its multiples from
¢ ¢ till a number less than b remains. Note the number of times that 4 is rejected
“ from c; if there will be no remainder after rejection it is unnecessary to reject.
*Go on with the operation, add the number of rejections to the value of y and
¢ the sum will be its true value. The value of » will remain as before. If cis —
¢ subtract the number of rejections from the value of y. If @ and c are greater
¢ than b reject & (or its multiples) from both; call the two remainders @ and ¢
“ and proceed ; x will come out right and y wrong. If there is no augment, or
“if ¢ divided by b leaves no remainder, » will be = 0, and y the quotient. If
¢* the numbers are not reduced, but the quotients are taken from original num-
“ bers, r and y will always be brought out right. If the numbers are reduced,
“ 7 and y will be brought out right only when both are reduced, and but one of
¢ them will be brought out right when both are not reduced.”

Example. a = 221, c=065, b = 195, dividing these numbers by 13 we
have, «’ =17, ¢’ = 5, b’ = 15. Divide 17 by 15 (as above directed) continu-
ing the division till the remainder is 1. The quotients are 1 and 7, write
these in a line with ¢’ below them, and 0 below ¢, thus: :
Multiply 5 by 7 the product is 35, add 0 the sum is 35. Mul- i
tiply 85 by 1 the product is 35, add 5 the sum is 40. The two 5
‘last numbers then are 40 and 35. From 40 throw out 17 twice, Y

40
35
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6 remains; from 35 throw out 15 twice, 5 remains; thereforex = 5and y =6.

2—2)—1——)—(]—9%4'—6‘2 =6. 17 + 6 =23 is a new valueof y, and 15 4 5 =20 a corres-
ponding value of 7, 2 X 17 4 6 = 40 is another value of y, and 2 X 15 4 5=35

a value of 2. In like manner we shall have 83X 1746=57 and 3X15+4+5=50
new values of y and », and so on without end.

dAnother Example. a=100, b=63, c=90; c being + or —. Although in this
case 10 is a common divisor of @ and ¢, yet as the reduction would give a wrong
value of y, write a, b and ¢ as they are, and proceed. We find the quotients
1, 1, 1, 2, ¢, 1. Arrange them in a line with ¢ below the last, and 0 below ¢,

in this manner:

l'-‘lblb.—.-.—-

90
0
We have then
190 +0 =90
2X 90 +4+90 =270
2 %X 270 + 90 = 630
1 X 630 + 270 = 900
1 X 900 4 630 = 1530
. 1 X 1530 4 900 = 24-30:
The two last numbers are 1530 and 2430, divide the former by 63 and the
latter by 100; the remainders are 18 and 30, therefore »=18 and y == 30,
100x18+90=30' -

63 .
By another method. Divide 100 and 90 by 10, then a'=13, 6 =163, ¢’ = 9;

The quotients are now found 0, 6, 3, write them in a line with ¢" and 0 below;

we have '
3X9 +0 =27

6 xX27 +9 =171
0 X 171 4 27 = 27.
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. The two last numbers are 27 and 171. From 27 throw out 10 twice, 7 re-
mains: from 171 throw out 63 twice, 45 remains. The number_ of quotients
being odd, subtract 45 from 63, the remainder 18 is the value of #. 7 sub-
tracted from 10 gives 3 for y, which is not the, true value. To find y correct,
muftiply 3 by the common divisor 10, the product 30 will be the true value
of y.

Another way of solving the same question is this, find a common divisor of
B and c, for example, 9. Dividing b and ¢ by 9 we have ¢ = 100, ¥’ =7, ¢ = 10.
Performy the diviston and arrange the quetients in a line with ¢ and 0 below, the
quotrents will be found 14 and 3, then

3X 104+ 0= 30
14 X 30 + 10 = 430.

From 430 throw out 100 four times, 30 remains. lere we have found a true
value of y and a wrong value of ». Maultiply 2 by the common divisor 9, and
the product 18 is the true value of #. This question may also be solved by first
taking a common divisor of @ and ¢, and afterwards a common divisor of b and c,
as follows:

Reducing a and ¢ we havea’ = 10, ¢’ = 9, and 4 = 63. Reducing b and c we
have @ =100, ¢’ =10, 4’ = 7. Unite the reduced numbers thus; a' = 10,
b=7; butc havmg undergone two reductions *, take the difference of the
numbers ansmg from the two eperations; thena = 10; §' =7, ¢’ = 1, divide
and arrange the quotients with ¢’ and 0, as above directed, and we shall have

2 %X 14+ 0=2
1 X241=a3

$ and 2 are now found for & and y, but they are both wrong, for ¢ was re-
duced both with 4 and a. 2 must be multiplied by 9 the common divisor of &
and ¢, and 3 must be multiplied by 10 the common divisor of a and c; the true
values will be » = 18, y = 30; and new values of y an(l @ may be had by adding
a and b again and again to those already found.

s

- 1KY
o
e

ax
?

H
~ la

u-“-a

s

® Let = y, divide a and ¢ by p, then » Wwhence = x, now divide & and-;

e

/]

R ]

- b
by '3 then L—E—H

. Taking the difference is only true in this case, because pg = ¢, and p—g =1,

2|
hblh
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What has been said is applicable only when ¢ is 4+-. When cis —, subtract
18, which is the value of », from 63, the remainder i ; subtract 30, which is
the valueof y from 100, there remains 70. We have‘lus case r = 45, y =70.
By adding @ and 4 as above, new values of x and y may be found.

Another Example. Suppose a = — 60, b =13, and ¢ = 3 + or —. Without
making any reduction, divide, and place the quotients with ¢ and 0 as before,

we have 1 X 340= 3
1X 34+3= 26
1 X 6 4+3 =9
1X 94 6=15
4 %X 15 + 9 =69.

The last numbers are 69 and 15. From 69 throw out 60, 9 remains ; from 15
throw out 13, 2 remains. The number of quotients being odd, subtract the
value of  from 13, and that of y from 60, the remainders are 11 and 51. As
60 is — the subtraction must be repeated, by which means we have as before
#=2andy = 9. Ifcis — subtract the value of » from 4 and that of y from g,
and we shall have again » = 11 and y = 51.

Another Example. a = 18, 6 =11, ¢ = — 10. Divide and arrange the quo-
tients as before, we'have 1 X104 0=10
1 X 10 4+ 10 = 20
1 X 20 4+ 10 = 30
1 X 30 + 20 = 5? .
From 50 reject 18, and from 30, 11; the remainders are 14and 8. ¢ being —
subtract 8 from 11 and 14 from 18 ; whence » = 3 and y = 4. :

Another Erample. a = 5, b = 3, ¢ = ¢3. Proceeding as before, we shall

have ] X 23 + 6 = 23
1 X 23 4+ 23 = 46.

As 8 can be rejected but 7 times from ¢3, reject 5, 7 times from 46, the re-
mainders are 2 and 11. If ¢is — subtract 2 from 3 there remains 1, and 1]
from 5 there remains — 6. Here twice 5 must be added to — 6, the sum 4 is
the value of y : and that the numbers may correspond add twice 3 to 1; the sum
7 is the value of a, If cis greater than b, reject b from ¢. Throw out 3 seven
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times from. 23, there remains 2. Make ¢ = 2 apd place. it. with: 0. under the line
of quotients, we find Gl X % 4+ 0 = 2
1 X2+ 2=4

2 is the true value of &, and 4 which is found for the value of y is wrong. Add
7 the divisor of ¢ to 4, the sum 11 is the true value of y. Ifcis — subtract 2
from 8, and 4 from 5, and we shall bave 1 for the value of » which. is:right, and 1
for the value of y. which is wrong. Subtract 7 from the value of y, the ¢ifferenca
is — 6; add twice 5 to — 6, and we shall have-4 the true value of y. a

That the numbers may correspond, twice 3 must in like manner be added to 1,
and 7 will be the true value of 7.

 Another E.z-ample. a=35, b =18, c =0, orc = 65; the quotients are 0, 2,
1, 1; place them in a line-with ¢ and O below, we shall have

1 X04+40=0
1. X004 0=0
2X0+4+0=0
0X0+4+0=0

Add 5 to 0, which stands for the value of y, and 13-to that which stands for
the value of #, we have theny = 5 and z = 13. In the second case a=35, =18,
¢.= 65. Asb measures ¢, 2 will be found = 0and y = 0. To the value of y
add 5, which is the number of timea 4 is rejected from ¢, and this will givea
m;;ﬁ = 5. Adding 13 to 0 which is the value of
x, we shall have » = 13, aWding 5 to. & which is the value of y, y =10,

4

for x1133+65=m. e

Another method is to suppose ¢ = 1, and proceed as above directed. Multiply
. the values of » and g, which will be so found by ¢, rejecting a from the value
of y and b from that of #, the remainders will be the numbers required. '

correct value of y, for

Ezample. a =921, b =195, ¢ =65 ; dividing these numbers by 18, their
common divisor, we have o’ = 17, b= 15, ¢’ = 5. For 5 write one, and
finding the quotients as above, arrange them with 1 and 0 below, then

7X140=7
w 1 X7+1=28
‘Multiply 8 and 7 by 5, the products are 40 .and. 95 ; rejecting 17 twice from 40,
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and 15 twice from 35, the remainders are 6 and 5; whencer =5andy =6.
If c is — subtract 7 from 15 and 8 from 17, 8 and @ remain. Maultiply these
numbers by 5, the products are 40 and 45; 15 aWf® 17 being twice rejected,
2 =10 and y = 11. By subtracting 6 from 17, and 5 from 15, the same
numbers will be found. -

‘ Know that the operation of the multiplicand is of use in many examples *,
¢ as, 4 y the rule I shall have brought it out and any one destroys it, and some
“re ; by the operation of the multiplicand, I can determine the numbers
“ which have been destroyed from that which remains.

* In the operation of the multiplicand of a mixed nature, the multiplicand i 1s
¢ of another kind, and it is called the multiplicand of addition, and that relqtes
“ to determining the value of an unknown number, which being multiplied by
‘2 known number, and the product divided by a known number, there will re-
“ main a known number: and again, if the same unknown number is multiplied
¢ by another number, and the product divided by the former divisor, the re-
¢ mainder after division will be another number. ~Call the numbers by which the
* unknown is multiplied the multiplicand, and that by which it is divided the
« divisor, and that which is left after division the remainder. Here then are two
“ multiplicands, one divisor and two remainders. The method of solution is as
“ follows: add the two multiplicands together and call the sum the dividend.
“ Add the two remainders and call the sum the augment megative; leave the
“divisor as it is; then proceed according to the rules which have been given:
¢ but the values of 2 and y must be subtracted from b and a, r will be found

. ““ right, and y wrong.” &
Ezample. Ao =5, ¢c =7 a=10,¢c =14, b =63, A—:zy+c,and2'£=

=z+4+¢ A+a=15 ¢+ c =21, we have now a'—l5 =068 c =

® At this place Mr, Burrow’s copy has * and besides this it is of great use in determining the signs and
“ minutes and seconds.” And in'the margin there is an example by the sume commentator, apparently thus :
« | give an example which comes under this rule; a star makes 37 revolutions of the heavens in 49 days and
“ nights ; -how many will it make in 17 days?” Then the writer goes on to say the answer is 12 rev., 10 5., 1°
13', 28" &, which is got I suppose by proportion. Nov he adds, *if all this were lost except & it might be res
storcd by the rule. He then gives the equahon 49 =3 = y from which x is found == 23 and y = 398",

8'—23

then from

= ¥ he finds ¥’ and 3/, and s0 on till the whole is had. :
E2
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4 X 74+0=28

O0xXx28+7=7
wrong; 21 — 7 = 14 = @ right; for multiplying 14 by 5 the product is 70,

which being divided by 63 leaves the remainder 7; and multiplying 14 by - 10, .
and divjgling the product by 63, the remainder 14 is obtained.

—a1, we find 0 and 4 ¢ V7= 529,29 —21=7, §— 2=3=y

CHAP. VI

“ On * the operation of multiplication of the square; and that relates to the’
“ knowing of a square, such that when it is multiplied by a number, and to the
« product a number is added, the sum will be a square. ‘

¢ In this question then there are two squares, one less and the other greater,
¢and & multiplicand and an augment. From the multlpllcaud and augment
“ known, the two unknown squares are to be found. The method of solution
“is this : Assume a number and call it the less root; take its square and mul-
“ tiply it by the multiplicand, and find a number which when added to it or
¢ subtracted from it will be a square ; then take its root and call it the greater
““root: Write on a horizontal line these three, the less and greater roots, and the
¢ number which was assumed as the augment. And again write such auother
““line under the former so that every number may be written twice, once
‘“ above and Dbelow; then multiply crossways the two greater roots by the two
“less; then take the sum of the two and call it the less root; then take the
“ rectangle of the two less roots and multiply it by the multiplicand, add the

* The rules at the begianing of thie chapter for the general solution of Ax*+Bs==y*are, as they stand in the
Persian, to this purport: Find af24-g8 =g?, where f; 8, and g may be any numbers which will satisfy the equa=
tion. Make x' = fz + fg and ¥ = aff+gg, and g'=ga. Then ax’2 + #' =y’2; and making s¥ = ¥g 4 5/f;’
and y" = asf+ _yg, and 8" =g, or 2’ = a'g—y'f and y" =yg — Axf, we have ax"%+ g''=y"2,

(f8" 7 B then ;; = B, and if g” £ B, then g"'p?= B, butin the first case the values of " and %'’ must be

divided, and in the second case multiplied by ¢. In this way, by the cross multiplication of the numbers, new
solutions are had for as*+ B =32 When g= 1 and # = & the rule is the same as Fermat's proposition, which
first was applied in this manner by Euler for finding new values of x and y in the equation Ax* - b = g2 (See

the investigation of this method in his algebra.) If Ax'+ BT y?, thenx = ’32’. 2> 7 being any numb&'

this expression is true only when » = 1. In that case A( - ) +1= (r + A) which is the same as
Lord Brouncker’s solution of Fermat’s problem.
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¢ product to the rectangle of the two:greater. roots,! the result will be the greaté‘r

‘ root, and the rectangle of the two augments will be the augment. a

“ And to find another square in the same. condition write on a horizontal line
“ the less root and the greater root, and the augment, which have been found,
*“ below the less and greater roots, and the agument whlch were assun Per-
“ form the same opcrations as before, and’ what was requlred will be obtained.

““ And another method'in the operation is, after multiplying crossways to take
« the difference of the two greater roots, it will be the less root. And having
‘“ multiplied the rectangle of the two less roots by the multiplicand, note the pro-
“duct; then take the rectangie of the two. greater roots, and the dlfferenc.e of
“ these two will be the ‘greater root., ., . ro Ly

¢ And know that thls augment, that i 18, the a.ugment of the operatlon, if dt is
“ the same as the original augment, is what was required. Otherwise, if it is
“ greater, divide it by the square of an assumed number, that the original aug-
“ ment may be obtained. If it is less multiply it by the square of an,assumed
“ number, that the original augment may be obtained: And that they may correse
“ pond in the first case divide the greater and less roots, by tha,t assumed number,
‘“and in the second case multiply them by the same number.

“ And a third method is this: Assume a number and divide its. double by the
“ difference of the multiplicand and its square, the less root will be obtained.
““ And if we multiply the square of it by the multiplicand, and add the augment
‘ to thie result, the root of the sum will be the greater root.

Evample®. ¢ What square is that which being multiplied by 8, and the pro-
¢ duct increased by 1, will be a square. Here then are two squares, one less and
“ one greater, and 8 is the multiplicand and 1 the augment, Suppose 1 the less
“ root, its square which is 1 we multiply by 8 ; itis 8. We find 1 which added
“to 8 will be a square, that is 9. Let its root which is 3 be the greater
“root. Write these three, that is to say, the less and greater roots, ‘and the

i . ) . :
* Tofind x and yso that 82? 1 =y% Suppose f=I1, and of* + g= (). Let g =1, then 8/*+1=9=3?;
IXI4IXI=6=x. IXIX8+3IRI=IT=y, 1X1==I the augment; | being the original augment there is no
occasion to carry the operation farthers 8§ %X 36 4 1=289 =172 For.new values, 3 X 641 x 17T=35=a,
IX6X8+3IXIT=99=y. 1 X1=1the augment. 8 X 35% 4 1==9801 5==99%, Iu like manner mnore values

may be found. ) ;

>
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¢ augment on a horiaontal line; and write these numbers below in the same
‘“ manner, thus: . S
-

A Less Greater Augment
! Y T
- 1 3 1

11 - 3 1 1

“ Multiply the two greater roots crossways by the two less, it is the same as it
¢ was before ; add the two, it is 6; and this is the less root. “Take the rectangle of
“ the two less roots, it is 1. ‘Multiply it by 8, it is the same 8 ; add it to the rect-
¢ angle -of thetwo greater roots, ‘that is 9; it is 17, and this is the greater root.
% Take the rectangle of the two augments; itis 1. As it is according to the ori-
< ginal there is Mo occasion towork for the original augment. The square re-
% quired is 36, which multiplied by 8 is 288 ; adding 1 it becomes 289, and this
“is a square whose root is 17. ~ Again, to find a number under the same con-
“ ditions. Below the less and greater roots and first augment, write the less and
¢ greater roots and augment which have been obtained by the operation, thus:

-

Less ] Greater Augment
1 3 1
6 17 1

¢ Multiply crossways the two greater and the two less roots, that is 3 by 6,
d 17 by 1, it is thus: _
wE T ®

| Less Greater Augment
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‘“ Add the $wa greater roots; it is 35, and this is the less root. Take the rect-
‘“ angle of the two less roots; it is 6. Multiply it by 8, the multiplicand ; add the
“ product which is 48 to the rectangle of the two greater roots 3 and 17, which
“is 51, itis 99, and this is. the greater root. Take the rectangle of the two
‘ augments;, it is the original augment ; for when the square of 35, which-isi 1225,
‘“ is multiplied. by 8, it will be 9800 ; adding 1 it will be a square, viz. 9801, the
“ root of which is.99. In like mgnner if the two. roots and the augment are
‘ written below the two roots and, the other aygment ; like 6 and 17 and 1, and

“ the operatjon is performed we shall find what we require, and another number
“ will be obtained. : '

Another Example. ** What square is that which being multiplied by 11, and
* the product increased by 1, will be a square *2 Suppose 1 the less moot, and
““ multiply. its square, which is 1 by 11; itis 11. Fiud a number which being
““ subtracted from it, the remainder.will be a square: Let the number be 2; this

“ then is the negative augment, and 8 which is the root of 9 is the greater root.
“ Write it thus: T T

’ Less Greater Augment

——

I B N

1 s | 4

® Ll 1=y" Supposef=1and 1)/2=p=(], Letp=3g. 1 X.1 e 229232, 3

X 143X = 6=x,
IX1IX 143X 3=20=y. -2x—-2=+4.-;?= .

1 the original augment.
20 6 )
Therefore F=l0=y. §=3=.\'. For 11 x 94 1==100.=102,

Aeot‘her'way. Suppose f =1 £ 1/'-|,-q= 0O LetB=z5. 11x lap5==16=42 :4xt+4xl=8==x.

— ‘ ] 271 8 \2 729 7\3
IXIxX1144x 4 =y 5x5 . -=3 = =y, =) g - )
XixXll44x4=21=y. X 57=25the augment. 3=5H 3 =Yy ll!x(5)+1= (5)

Eiad
8 21 __ 161 8 27 _ 53¢
For new values, N0 x THIN TE5=x3 X3 x1+4+10x F=T5 =4 1IXI=I, the augment,
: 161 285156 534\3
nx(=- ’+I=T=(T)' By the second metbod,ﬂ-..?g:.-la.a. 0 24_8

5 33 5 T Ux S=g=y.

1\3 36 6\ y ’
_ ¥ the augment. 11 x (-5) +i1= &= (5) « In'the same way other values may be found,

|
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¢¢ Multiply crossways, and add the two greater, it is 6 ; and this is the less
“root. Take the rectangle of the two less roots; it is 1. Multiply by 11; it is 11.
“ Add it to the rectangleof the two greater which is 9; it is 20, and this is the
« greater root. Take the rectangle of the augments, it is 4 affirmative. Now
‘¢ we have found a number such that when we divide this number by the square
“ of that, the quoti¢nt will be the original augment. We have found 2 and per-
¢ formed the operation ; 1 is obtained. And we divide the greater root which
“ is'20 by.2, 10 is the greater root. And we divide the less root, 8 is the less
¢ root. : For if the square of 8 which is 9 is multlphed by 11, it will be 99, and
¢ when we add 1 it will be 100, and this is the " square of 10 which was the
«“ greater root.

L« Annther method is, suppose 1 the less root, and multiply its square by 11,
“itis 11, We find 5 which being added to it will be a square, that is 16; its root
¢ which is 4 is the greater root, thus: .

Less Greater Augment

1~ 4 F s

j Y i
i

.
» : ll

¢ After multiplying crossways, add the two rectangles; it is 8, and this is the
¢ less root, and the rectangle of the two less ; which is 1 we multiply by 11, it is
% 11; add it to the rectangle of the two greater which is 16; it is 27, and this is
“ the greater root. And: ﬂ:om the rectangle ‘of thé augments, 25 augment is
« obtained. We have found an assumed number 5, such that when: the aug-
“ ment is divided by its square the quotient will be 1. And for correspondence
“ we divide 8 by 5; 8-fifths is the less root. And wggivide 27 by 5 ; 27-fifths
“ is obtained for the greater root. For multiplying the square of 8-fifths, that is
‘.64 twenty. fifth parts by 11, it is 704 twenty fifth parts; add 1 integer that is
“g5, It is 729 of the abovementioned denomination. And to find other
*“ numbers under the same conditions, write the two roots and the other augment
“ below these two roots and augment, and that is on the supposntlon of 3and 10
‘¢ and 1, which were obtamed before, thus: :
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(R )R e

Less Greater Augment - |
8
5

27 1

3 1

e

7]

10 1

« After multiplying crossways, add the two rectangles, it is 161-fifths, and
“¢ this is the less root. Multiply the less rectangle, which is 24-fifths, by 11, it is
“ 264 ; add it to the rectangle of the two greater, which is 270-fitths, it is 534-
¢ fifths, and. this is the greater root. Take the rectangle of the augments, it is 1.
“The operation is finished, for multlplylug the square of 161-fifths, which is
“ 25921 twenty-ﬁfth parts, by 11, it is 285131 twenty-fifth parts ; add 25 thag

“ s 1 integer, it is 285156, and this is the square of 534-fifths.

¢ Aud by the second method. After mulnplymg crossways it is 81-fifths a.nd
«¢ g0-fifths ; the difference is 1-fifth, and this 1-fifth is the less reot. Multiply the
« rectangle of the twa less, which is 24-fifths, by 11, it is 264- ﬁfths and the rect-
« angle of the two greater is 270-fifths. Take the difference ; it is 6-fifths ; and
¢ this is the greater root; and 1 integer is the augment, The square of 1-fifth,
« which is 1 twenty-fifth part, mul¢iplied by 11, is 11 twenty-fifth parts; add 25,
« jt is 36 twenty-fifth parts, the root of which is 6-fifths; and in like manner
 any number which is wanted may be obtained.

Evample. * Let the first question be solved by the third method *: Suppose
t:. the less root, and take the difference of its square and the multlplxcand which
“ js 83 itis 1. Divide, twice 3 by 1; it is 6 ; and this is the less root. For mul.
«¢ tiplying the square of this, which is 56, by 8, it is 288 ; add 1, it is 289, and
« this is a square, the rog$ of which is 17, and this is the greater root. ,

¢ Another method is hat is called the operatlon of cn'culatlon'f To bring

X

¢ To solve the first queshon by the tlm'd method. Suppooe r=3, =6=% 8x 36+ 1.=289 =

l‘i"' 1T=y.
L\J to make to go round, from ) )O to go round Thu rule is, supposing As* 4 B=g¢2. A and p

being given to find = and y by the operation of circulations Find}; Band g 50 that af? B = g Snppose
F : . .
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‘ out that which is required by the rule of the multiplicand. It is thus: After
“ supposing the less and greater-roots-and the-eugment, suppose the less root the
¢ dividend, and the augment ‘thé divisor,"dnd the' greater root the augment.

¢ Then by the rule of the multyphcaml which ig passed, bring out the multipli-
¢ cand and the quotient. . If that number- by which the questioner multiplied the
s square can be subtractedfrom-the square of this multiplicand, let it be done;
‘ otherwise subtract the s?;uare of this multiplicand; frop that number of the mul-
* tiplicand. If a small mumber- rethains, well; if -hot increase the multipli-
“ cand thus: add the divisor again and again to the multiplicand as before
* explained, till it is so_that you ¢ah Subtraét the - numhet . of ‘the mutipli-
* cand from the quare 'of i, or the ‘square bf it 'frond ‘the' nomber of the tinl-
“ tiplicarid. 'Whatever ‘remaing *we'divide by ilie augrhent of the: operation of
“« mu’ltlplicatmn of the’ square; ahd fake the queticnt which: ivill-be the. angment
* of the operation 6f multlpﬁcatlon of the syuare. -If then we: shail have sub-
“ tracted the multiplicand from thé squate, -let!the  quetient remain as it is: and
“if we shall have stbtrdcted the square from the ﬁtultaphbaﬁd it will be contrary,
“ that is, if negative it will bécome affirmative, and'if wtirmative negative ; and
“{hat quotient’ Which was obtainkd by ‘adding : the dividend o the quotieut; as
v mﬁmy tunes ‘as the (lmsor was added to the mu’l*tlplxcand will be the kes root 5

s ) . . '
‘I'”"'v‘/'bl o L “' ' ""'Av" '."['l' "'J7ri’r, o
M - v‘ and‘ﬁ-am the knéwh'" nun‘nﬂefs " g, 8, ﬁnd X/ and“v by. the ulés .whigh havebeen given. ; ,u‘ x2
¥ 8
Bes A'faké g . &, or if not’ take A—x% Ifa smaﬂ nuniber rethaisss it is] well, otherwise take multiples
of 8, and add them to the found value of x. fer .a rew value, till we have (mB -+ X)*—a, of A— (mB+ x)%3

divide this by 8, and if the square has been subtracted change the sign of the quotient. If instead of x the
value mB 4 X has béen used a corrcsponding value of 7, mf ¥ must be taken; by substituting these valugs as

. . 2, : 2
follows: v, or mf 4 v =, and L’-’-ﬁ"n w == g, we ;have tht: sqluﬁnn of +this .equation

'L_Aﬁ

- 1
Axt 4B =y? Ifg isneither = B nor to np’ nor to p" proceed as before. Let Af 7. + = g” be & sofduon

of Ax? + g = y'2 where /’ O’and £ are known. Suppose M =13 proceed as befoxe, 3nd solnhons

] N J 13 . |n . N

wnllbe had for A:"’ + B” = j”, and in hke manner for Ax‘ + B y? till g is found = B or np’ or .;-’.
T o oo ’ .—
The truth of this is plam, for as x’..f : g and 8 = -——‘;-—, we have Aa”+B’=A (']'x 13‘) + x’; £ which

(Aj’ +8) x2+ ‘-’Aféx + A(g2—8), ; but of* 4+ B=g%, and g — B = Af?, and therefore ax + B'=

gxi 2 haffx + A’/ which- is =(‘x—:—‘—t) =y ’nﬁs(n)le{ though in 'some respects. imperfect, is i-

princifile the same’as that for solving thie préblcn ju ‘iiitegers by tive ‘spplication of comtinued fractions, which
was first given in Europe by De La Grange.
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<. and from the less root and the augment bring out thé greater root. - 'If then this
# gugwent shdll have been found a square *, thp-operation is finished ; for find
¢ g number by the square of which, if'iwe divide this augiment, 'the result will be
< the original augment, when this augment is greater than the original augment ;
4¢ or othertwise; if we multiply by it, the result will be the originil augment, in
¢ the same marnner as before.  And if it is.not a square: perform the operation
%% again in thé same manuer ; that is, . supposing ' the less root the dividend, and
¢ the augment ‘the divisor and the greater root the augment ; and work as be-
«“ fore till the original augment or the augment of the square is fouhd.

r

3

.rample. “ What squqre is that whlch b¢xng multrphed by 67, and thejpro-
“ duct mcrea.sed by 1, will be.a squareT .Let. us suppose 1 the less_root, mul-

et P

L suppose it should be Bp® ori—. .1 think it likely‘ lhat i_hig_ does not fprm a part of the origind rule which

seems to relate to mteger values only. .
t 62t 41 =y% Supposef: 1 and f=—3, thcn 61 x It —3 = D =64 —8’ we have now Af’+g_‘r’

8
=Y, re;ect twice 8 from

wherej 1and B— -3, and; = 8 SupposcL—’g =v; th.n is to say,

£ ‘we Have 8 -2 3= 2.and work for'x and ¥ in —-u" ;' 2 = ¥ slede 1 by 3,.as directed in the last chapter.

The quot{ent is'e, write undet 1t" ando wefind x —'2 and y==0. The Tumber of qudm-nts being odd, sul-
tract the valoe of w /ffom B and.{hataf'y from;f; 8-+~2=x 1 3=x; 1 =0=x:1=Y: AsB was rejected twice from
& add 2to the value of ¥. 1 +2=3 ==y wehavenow x = L and ¥ ==3. As we cagnot subtract 67 from 12,
and as a greater number will remain if we subtract 12 from 67, add twice B to x for a new value of X, 2X 3 4
1=7=x,and fora corrcspon(“ng value of ¥ add t\vice/to Y. 2X143=5=v - A—xtor67—171=18,
-I% =— 6. As we have hkcn A—Xx? we must change the s:gn of = 6, it bec?mes + 6— 2, aml y _x’ we
— . ' . v

h.lve now Ax"q—B = _y’*, “here A= 67, B = 6 and :’-—a,l whence ' =4l Smce Be== I and B = 6 we pro-

ued 40 ﬁnd a:}u Lt Af”+ﬁ’=zg” wllenf’:z 5, =6, andg ==44. Make 5x’ :;';‘L:y. we ‘shall

find 3= 41'and v/ 2241, Subtkdct 6 times from the talue of ¥/, 41 —G x 5= 11 &= v, and subtract B the
ﬁl'ﬁ-‘le number ollimes from lhé valué of i“/‘ 41 -—'Gx 6&5 % A3 6r-67 __'.5';:42'; ‘_'é‘: -— B".i KS
mmm“ —x2 the sign of Zinust be changed. and mm 7=£7,-and 11 =2 %" == a"; therefore Ax"? 487 g

¥, nml)y = 90, 8" not being =b» we must proceed as aoove. Let A/"’-l- B"_g"’ where f'=1,8'= —1,

” .“Q‘ .
and g"'= 90 Mak ‘—H——ﬂ-—_. Y", reject 7. twehe times from 90, 90 — 84 =§, we shall find x”... 12, and

v’ 18, Subtract /7 from the ¢Mue of v”and 8" from that of X", 18==1l=7=v", 12—T= 5= 4",
‘Thesnumber of quatienitsin the” divisidn of ¥ by. 7 being 6tM, subtract the value of ¥* from /” and that of x¥
from @, 1L —7 = 4= v" J 5 =2==x"As we ganuat take 67 from 22, ancLas a greater number revading,
if e subtract 2¢ from 67/, add A" once to x” for a new value of X" 7 + 2=9 =x" x”— A, or 9t =67 =14,

—l-4—,. =—2=2~2" As# wasrcjecled 12 times from g", 12 must be added to the’ value ol’ v, 4 + 19-.: 16=1v".

-
o F2
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“iply it by 67, it is 67. Find 3 the number. of the augment, which sub-
¢ tracted from 67 will leave a square, that is 64, the root of which is 8, and this
“ is the greater root. 1 then is the less root, and 8 the greater reot, and 8 the
“ augment négative. If we wish to bring it out by the operation of circulation, let
“ us suppese 1 the dividend, and 8 the augment, and 3 the divisor As rejection
“ of the divisor from the augment is possible, reject it twice, @ remains. Sup-
‘¢ pose this the dugment, take the numbers of the line, cipheria.obtained. Write
‘““ under it 2 the augment and cipher; Perform the operation, the multiplicand is
“ found 2 and the quotient cipher. The number of the line being odd, subtract
¢¢ the multiplicand and the quotient from the divisor and the dmdend 1 and 1
*aie obtained. As we rejected the divisor whicli is 3 from the augment which is
4’8, add £ to the quotient, the quotient is 8 and the mniltiplicand 1. As we
“ cannot subtract 67 which is the multiplicand of the operation of multiplication
“ of the square, from the square of this mnltiplicand and if we subtract the
“ square of this from 67 a greater number remains ; from necessity we add the
«¢ divisor, which is 8, twice to the multiplicand 1, it is 7; add the dividend to
*“the quotient itis 5. Subtract the square of 7, which is 49, from 67, 18 re-
“mains. Divide by the augment of the operation of multiplication of the
“ square, which is 3 negative, 6 negative is the quotient. As the square has
“ been subtracted from the multiplicand the negative becomes coatrary; it is
¢ 6 affirmative, and this is the augment; and 5, which was the number of
* the quotient, is the less root. Then bring out the greater root, from the less
“ root and the augment, and the multiplicand 67, it is 41. Write them in order.
¢ As 6 is the augment of the operation and 1 is the original augment, perform the
¢ operation again to find the original augment: that is to say, suppose 5 the
‘ dividend, and 6 the divisor, and 41 the augment, and perform the operation of
¢ the multiplicand, the multiplicand'is found 41 and the quotient also 41. Sub-
‘¢ tract 5, the dividend, 6 times fiom 41, the quotient, 11 remains ; and subtract
-4 6 the same number of times from 41, the multiplicand, 5 remains; take its

e

" And as 8" was added once to the value ofx'addf' to that of v*, 11 +16=27=v'=+" Nowaf" 4=
&, because =21, and 8" = —2, therefore 3" = 221, Let q” o+ B =g", whete f" =21, f" =9,
" and g" = 221. Having now found 8", which, multiplied by itself will be the augment of the square, (meaning,
1 suppose, = 8p*) apply tbe first rule of this chapter. &= gf"g" = 11934, 3’ =g 4 ASM297684, BTz 4,

"we find p == 2 such that —',--n--l Dmdlngn"’-l-ﬂ'-:"’ by p*, we have (n\-—) -l.-l=(£)

" and @7 X 5967 4 1 = 48843%,
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¢t gquare, it is 25 ; subtract it from 67, 42 remains. Divide it by 6, the augment,
« 7 is the quotient, and this is the augment. As we subtracted the square of the
« multiplicand from 67, it is contrary ; 7 then is the augment negative; and 11
¢« which is the quotient, the less root; bringing out the greater root, it i 90.
¢ In this case too the original augment is not ebtained. Again, perform the oper-
“ ation of the multiplicand; 11 is the dividend, 90 the augment, -and 7 the di+
-« yisor. The divisor can be rejected 12 times from the augment; rejeatiit,; €
* remains, Take the line, and perform the rest of the operation; 18 is the
¢ quotient and 12 the multiplicand, thus: i

e
l ]8 ' 1 [ :
. [ B 5
1| 12 |
lx ' 6 I ¢
’ . ' i ' ! K
6 ' )y ) ]

« Subtract 11, the dividend, from 18, and 7, the divisor, from.12; 7 aud, 5
« are obtained, the quotient and the multiplicand. As the number of 't'llle' line
« was odd subtract 7 from 11 and 5 from 7 ; 4 is the quotient and. 2 tﬁemﬁlﬁ;
“ plicand. As we cannot subtract 67 from the square of 2; and aftesr subtract+
¢ ing the square of 2 from 67 a greater number remains, add once the-divisot
« which is 7 to the dividend ; it is9. Subtract 67 from its square which is 8¥3
¢ 14 remains. Divide by 7 the augment negative, 2 negative .is the:quotient,
« and this is the augment. Again, as we rejected 7 twelve times from the
“ gugment, add 12 to the quotient which is 4; it is 16. And as we added 7 to
« ¢ the multiplicand, add 11 to 16 the quotient; it is 27, and thi$ is thé less root.
« Find the greater root; it is 21. As an augment is obtained whigch, after being
« multiplied into itself, will be the augment of the square, we write this line
« below that, and multiply crossways in both places.” From one cross :Zdltiﬁﬁ'éa‘.
« tion it is 5967, add. these two; 11934 is obtained the less root. - Amd-the
s¢ greater root is 97684, and the augment is 4 affirmative. We. have found. ap
« assumed number, by the square of which, if we divide this augment of the
« operation, the quotient will be 1, which is the origindl augment, ‘I‘ﬁ_‘_]il.(b
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“ manner we divide’ 11934.by g, 5967 is the lew Toot, and 48842 s the greater
¢ roet. R I L

Aﬂoﬂber E.rample. “ What square is that which being -multiplied by. 61, and
‘!\the ‘product increased by 1, will be a. square*. Let 1 be the less: root;. 8 is the

#.greatér; and 3 the augment, afﬁrmatwe. Applying the operatlon of the multi-

plicdnd' itig thus: =+ P

Noes v * | Dividénd. - Divisor.. Augment; S

1 3 .8 L o

“ Reject the divisor twice from the augment, - remains; and after the operation
« 2 the multiplicand, and cipher the quotiert are obtained. As the line is odd
‘ we subtract cipher from the dividend and 2 from the divisor. Itis1 and 1.
“ As we rejected the divisor twnce from the augment, we add 2 to the quotient.
“The quotient is 3 and the. multlpllcand 1, If we subtract the square of the
‘ multiplicand which is 1 from 61, a greater number remains. We therefore add
* twice the dividend and the divisor to the quotient and the multiplicand. The

- 'l?l x’-l-l 7l Let Aj’-]-e_g’ wbere/—l 3_3 5—8 Make Z% +‘— v that is ;'. 8

=Y, reject g
¢ from ‘, s—zx 3=2, we shall find x=2 and v=0. The number of quotients in the division of I by 3
Iﬂu&a subtract’ t’he valnebfvfrom/', and that ofxtrde I—0 = t=y, 2—1'=1%=x. 'As B was rejected
ﬂnﬂnldu‘g sdd g tothe value of 7, 14 2==v. Ifwetake A —x22a greater number redhains; add twice f
4@t value df v, andtinces to thatof x. 3 + 2 x l=5=v. | +2x 3= Ti=x. Takea—~x%, 61—
i . (fl)l\'idebaa, 3 = 4, which Decomes — 428, aud 5=vaxd. Nowas! 4 &= »*, whence
' S E09;: letAj’& £ & ot g ivhere f' = 5, B o= — 4,3‘-'- 39 Asdis notﬁ: 'Bywe Aild a numberipa=2, such
thid & = L Diviad s’anﬁy’*byﬂ, and we have 2 7:- =¥=/" and ¥ -=-. l =y —y. andé-b—l-
' o L 30
..... T
3046 . 390 I05 304\6\ 1.)‘2'3 l‘).’ i
ﬁ.ﬂg;} a,ﬁ:"n-.g. Ajrsu.(l‘l) 61 % (1) =il ey, 20 : =! G T = and sl x ( Y
ﬁ 3)5’ ' e e

!f‘u"-pn.__y r:heren——l on;Gl.x’-l:_y’, tilen*_f-_g‘ and — 1 = R

'zdumpuy Af* B g2 crossways With Af" 4 8= g%, where /<5 22 and ‘=t 1, In-order that we may

Save s¥==2'sr 1, Then x'2= 3805; andy-: 29718, and s = — | ; en X (3805 [ = (<9718 For new
adltued, where B == 4 |, multiply AY? 4 8 =i * awssways with the values.of x and y, which we bhve just found,

' $1x mnss%o’ +i= l1663190§9’ JfyB is —:take the _product of two augwments which have unhke sigus,
and if B is 4 that of u\o which Kave like signs.
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“ quotiept'is 5 and the maltiplicand 7. = Subtract the squage of 7 from. 61;.12
“ remains. -Divide by the augment of the operation of multiplication’ of the
“ square which is 8 affirmative ; 4 affirmative is the quotient; and after reversion
‘it is 4 negative; and:this is the augment; and the qwtlcmt swhich was § is the
“ less root; 39 then:will be the greater root. As 4 3s.not the original augment,
« we have found 2 an assumed number; and by its square we divide this augment.
1 the augment negative is the quotient. We also divide 5 and 99 by 9. These
“ sae twmo mumbers, with the denominater 8, are the //quotients.- As. eur
“ question is of the augment affirmative perform the operation of -cross ‘multiplj-
“ cation. When we multiply the augment negative by itself it will be'affirma-
“ tive. The less root will be:,390 foyrth parts.; the greater raot, 3046 foysth
“ parts ; and the augment 1 affirmative. Reduce the less and greater roots to
‘ the denominator'3. The less voof; is 195 second dax(t;s ;i the, dreater,. fpot 1538
« second parts; and the augment 1 affirmative. Andif, for example, the question
¢ was of the subtraction of the apgment, the ahswes. would be as. iabove: 5
““ second parts being the less root, and 39 second parts the grcatcr roat, and 1.the
“«w augment neoatlve And besides thls, 1F we would obtam another case, Let tLhaf
“be muitlp’hed crossways with that in which 195 second’ palts is the less }&‘)t

“ fpr multlplymtr affirmatiye by negatne, negative 1sol)tamed khg less yoot
“ then is 3805, and the vleater 29718, and the augment, 1 ne,ga,tlvg H and this js
¢ the answer to the question.

., “To find apother  case with the augment, qfﬁrmaqv,e writg this-kelow itiand
& n}ultxply crosswa) s, 22615*3989 is the less rool;, a,nd 1766319049 the greater
¢ root, and 1 the augment afﬁrmatwe.. ,And 1p hke manner whcreyer thgang, 4
“ ment is- rcquxred negat;lve, we, must mujtxply crossways  two. augments of H;f,
3 ¢¢ ferent sorts ; and if aﬂirmat,xve two. of the same sorf,

S P P T B T

! A R "0,“./.!»[/
Rule. “1If the multlpllcand of the questxon is the sum of two squares, and

¢ the augment 1 negative; it may be solved by the foregoing Tules™, and if
“ wished for, it may be'done in another-way, viz. Take_tbe root.of. thgsc: two

S ¥
Y Eal v 24 e

* Inat4 3= y’, lfA'—p’-}-g, andn—'—J, x:,- andx—-v fm‘ (p’-l-g’) x (p; —-.l = (—)’,
and(Pq_l_qz)x(.) (ﬂ)’ - ;": " :‘ | ‘ . .: v,. ..Q. '_. .‘,.".’v‘ L ', -‘.4‘ .
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*Gsquares, and divide the avgment by each, the two numbers which are found
4 will: both be the less root; what was required may be obtained from each.

i1 Brample. ¢ What squareis that which being multiplied by 18, when 1 is sub-
“ tracted from the product, asquare will remain *. 13 then is the sum of 4 and
«“9, and 1 the augment negative. Take the roots of 4 and 9, they are 2 and 3.

% Dmdq pl‘le‘augment ()y these two, the quotients are 2— and + 3 both these are

© “.ghe ‘less. roots. :Whdt m,;requn‘ed may be had from either. For mmuitiplying

.“',tl‘lé sqhére 'ofé— which is 1 by 113, it is 13-fourths ; and subtracting from it 1,

« wlnch is 4, -fourths wnll remain ; and thns is the square of l- : Multxp]ymg

o

o the square of 3 whlch is o by 18, 1t is ls-mnths, and subtracting 1 integer

i .

“ wlnch is: 9, 4 remams and thls isa square »:

Here follow solutnons of the same questxon, by the former methods: T omit
them beqause they contam nothmg new, and are full of errors in the calculation,

 Another Erample Where S.r —-1= y is solved by the last rule, is omitted,
because it is immaterial;

- Another Ewmplc ! What square is that which bemg muluplxed by 6, and
«“3'added to the product; will be a ‘square. And what number is that which
“being multiplied by 6 and 12 added to ‘the product will be a'squaref. The
s¢‘operation in the first case is thus. Suppose 1 the less root, and multiply by G,
“it is6; add 3, it is9; and this is a square. And for the second case thus:
¢¢ Multiply 1 by 6, it is 6 ; "and find a number which added to it will be a square;

.'.'Jlsig.ﬁ;'il-;y’, here A=13=944=p'4¢%, p=2, 9_3;:-% andx-— for 13 ( )_

9 14? 4 24*
1&7-4!})‘4 -and 13 X (3) -1 =3 a(s-)..

t 62 £ 3=y and 6x* 4 12 =% First suppose s==land 3 =3, then6x 1 +3=9=13% y=3.
Sécond, 6 X 1 =6, findBsuchthat 6 4+ 8=[. Let =3, 6 43 =9 =173% 3 being not = B, but less
than it, find p such thatgp* =13, p=2, 3 x ?=12= 8. Nowifg =3, ¥=1, andy =3, multiplying
AX? 4 B'== y/* by p*, we have axp* 4 8)p* =3/%", and makmg s=xp, y=ypand 3= Bp%, we have x =2,
y=6and 3==12. 6 X 24 12=6%
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“ we find 3. As this is not the original augment, but is less, find by the rule
“ which was given above, a number by the square of which when we multiply
‘¢ this augment the original augment will be obtained: We have found 2. Mul-
“tiply & by its square which is 4, it is 12; and this is the original augment.
¢ Then that they may correspoud, multiply the less and greater roots together ;
¢ also by that number, which is 2. The less root is 2, and the greater 6, and
“ the augment 12. Multiply the square of & by 6, itis 24; add 12, it is 36;
““and this is a square the root of which is 6.”

Here follows another example where, in as* + B==y% B =75, and A =6.
The solution of this question is like that of the first part of the preceding:
S(in aAf* 4+ B=g") is assumed = 5 and p = 75.

Another Ezxample.* * 300 being the augment the less root is 10 ; its square
“ which is 100, we multiply by 6, it is 600. Add 800, it is 900; and this is a
‘¢ square, the root of which is 30. And know that when the augment is greater
““ you must bring out what you require by the operation of circulation f, that
* the augment may be less. And if you wish to obtain it without the operation
“of circulation call to your aid acuteness and sagacity. And when you have
“ found one case, and the augment is 1, you may find others without end, by
“ cross multiplication. For however often you multiply 1 by itself, it will still
‘““ be one; and the less root and the greater will come out different.

Rule}. * If the multiplicand is such that you can divide it by a square with-
* out a remainder, divideit; and divide the less and greater roots by the root of
¢t that square, another number will be found. And if you multiply it by a square
* and multiply the less and greater by its root, the numbers required will also be
*¢ found.

Ewamz;le. “ What square is that which being multiplied by 32, and 1 added to

* 627 4 300 = »%. Letx = 10, then 6 X 10% 4- 300 = 900 = 30°
+ When g is a greater number find #, 8", &c. less by the rule of circulation. Solutions of these problems without
the rule of circulation, are to be had only by triaks judiciously made.
When one case of Af> 4 1 = g?is known any number of cases may be found by cross multiplication ; for
1% 1=1, and different values of x and y will be found at every new step.
% I'suspect that this is incorrectly translated ; the examnple does not illustrate the rule. Perhaps it should be,

xl‘mu’-}-l_y’, A...Ap' then A’x’+— (P) IfA-p., then A's? - BpY = (yp)%
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1
4
¢ multiplied by 32 will be 8 ; add 1, it is 9 ; and this is a square. If we suppose
¢ 9-the less root and divide 32 the multiplicand by 4, 8 will be the multiplicand ;
‘“ and dividing the less root by the root of 4 which is 2, 1is the less root. For
“ multiplying by 8 and adding 1, itis 9, which is a square, .the rvot of which
“is 3. ' ~

“ the product, will be a square*, The less root then is i—, the square of which

-

" Rule. “ If the multiplicand is a squaret, divide the augment by an assumed
~ “ number, and write the quotient in two places; and in one place add to it, and
‘“ in the other subtract from it the assumed number, and halve them both; the
“ greater number will be the greater root. Divide the less by the root of the
* multiplicand, the quotient will be the less root. :

Exrample. ‘ What square is that which when multiplied by 9, and 52 added
‘ to the product, is asquaref. What other square is that which when multiplied
“ by 4, and 33 added to the product, is a square. In the first case divide 52 Ly 2,
4 26 is the quotient ; write it in two places and add and subtract 2, it is 28 and
“ 24 : the halves ‘are 14 and 12 ; 14 theu is the greater root. And divide the less
‘“ number which is 12 by the root of the multiplicand which is 3, 4 is the quo-
‘ tient, and this is the less root : for when the square of 4 which is 16 is multiplied
“by9, it is 144; add 52, it is 196, which is the square of 14: and in the

’ 1 1yt A 32_ . «x
L4 = = = - =9=23% =2 = = A, ==8,- =1, x=1;
2x x4+ 1=0. Lets_2.32x(2)+l_9 ®o Ms=2 5= x, F=8 Sl
for8 x 1 4 1=3%
Tea 2. 2o
+ If Ax%+ B =y2 and A = p*, take n any number; and we have —=Y; and =x; for '.'_é-—
? P
—- 4 n 3
B=—n? n _B4nt B—nl)t (B +n*\*,
=3 and =% But g* x ('Q—np-) +n_( o ),whencetherule.
2
$ 95 + 52=3% and 4x?+ 33 =y First 5-23=26, 2642 =28, 26—2= 24 -5-? = 14;2—;=12. y=

14, %:4::. 99X 42 +‘52= 196 = 143, Second, 33_3= 11, 11 $3=14, 11 —3 =38, ;—4 =T=y,
g=4,$=2=x, 4% 2%433=49="1% Values of # and y might have been found by taking n = 4 in the

first case, and n =1 in the second.
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“ second case divide 33 by 8, 11 is the quotient : after adding and subtracting 3 it
‘“is 14 and 8: after halving, the greater rootis 7. Divide 4 by 2, 2 is the quo-
‘‘ tient; and this is the less root: for multiplying 4 by 4 and adding 33 to the
“ product, it is 49; and thisis the square of 7. And if at first we divide 52 by 4,
‘“ and 33 by 1, what is required will be obtained

“ Another Example, when the multiplicand is equal to the augment. What
“ gquare is that which being multiplied by 13 and 13 subtracted from the product,
““ and in another case added to it, will be a square *. In the first case suppose
« 3 the less root, its square which is also 1, we multiply by 13, it is 13: subtract
« 13, their remains cipher, the root of which is cipher. And in the second case
“ suppose 3 the less root, take its square, it is 9; take the difference between it
“ and the augment, 4 is the augment. Divide by it the assumed root which is

. .01 ..
@, it is 6-fourths, that is 15 and this is the less root. The square of this

¢ which is 9-fourths we multiply by 13; itis 117-fourths. We see that adding
“ 1 integer, that is 4-fourths to this, it is 121-fourths ; and this is a square, the
« root of which is 11-second parts: the less root then is 3-second parts, and the
“ greater root is 11-second parts; and the augment is 1 affirmative. As the
“ original augment is 13 aflirmative, perform the operation of cross multi-
¢ plication with the former which was 13 negative, thus: First multiply S-second
¢ parts by cipher, it is cipher; and 11-second parts by 1, it is the same,

® [352—13=y% and 13x*+ 13 =y3, Letx=1, 13X 1 —13 =0. For 1322+13=y?, let ¥=13, x"1=9,
r
A==rd

(Here are two or three errors in the Persian: A case of A¥? + 1=y is found by the rule

6_3_ o Sy =t ety L3 U '— — ;
J=5= 13 X (2) tl=—F= 2). ¥=3 4= 7, and8 -—l.\Al B = 13, multiply cross-
11 !

Y
ways with the former case where 13 X 1}—13=0. ;xoq-?x 1=U=a;sxix 34 gxb:

= ,)o'

¥ _ —1=—13=g", but B =413, n 1 ' = - 1yt =2

2_3/_ 13X =g", buts = + Suppose then _ganda ==1, lsx(z)—l_z

1\3 . 33,39 12 17T 143 __ 260

=(l§) . Multiply crossways, T+-;=T= 18==x And St =3=6=y ad B=3s.
39 33

| e ! Yy - ______6_ 143 ur__ 26 _ 3_’
Or by the rule o/" —gg' =y, and /g —ff =x T—T=%=x =3 =T=pr0x(7) +13

. 1\s )
= ()"

G 2
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‘“add them together, it is 11-second parts; and this is the less root. Multiply
¢ 8-second parts by 1, it is the same: multiply it by 13, the multiplicand, it is
¢ 39-second parts: add it to the rectangle of the two greater roots which is cipher,
““ it is the same ; and this is the greater root; and 13 is the augment negative ;
“ as it is not the original augment, for 13 affirmative is required ; again, suppose

2
“by 18; itis 13-fourths. Subtract 1, that is 4-fourths, the augment negative, there

‘ the less roott1 and the augment 1 negative ; and multiply% which is the square,

. e 1 . o1 . .
“ remains 9-fourths, the root of which is 15 By this we multiply crossways,

“ thus:
11 39
Q 2 —13
1 3
2 2 =1

“ the less root is 72-fourths, which is 18 integers, and the greater root is 260-
¢¢ fourths, which is 65 integers, and the augment is 13 affirmative.

« If we would perform the operation of cross multiplication take the dif-
“t ference of the two, which are 39-fourths, and 83-fourths, that is 6-fourths ;

“ 1% is the less root ; take the difference of the two less, after multiplying by
‘¢ the multiplicand, and the rectangle of the two greater, it is 26-fourths, that

“is 6:5; and this is the greater root and 13 is the augment affirmative.

Another Example. “ What square is that which being multiplied by 5 nega-
“ tive, and the product increased by 21 will be a square®*. Suppose 1 the less
“.root, and multiply its square by 5 negative, it is 5 negative: add 21 affirma-
“ tive, it is 16 ; 4 then will be the greater root. In another way. Suppose 2 the

*—5%x x4 21=y% Supposex=1; —5%X 1+21=16; y=4. Or, supposex=2, — 5 X 24
21 =1, y= 1. By multiplying crossways when 3 = J, new values may be found,
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. ¢ less root and multiply its square by 5 negative, it is 20 negative; add 21

« affirmative, 1 affirmative is obtained, the root of which is 1; the less root then

¢is 2, and the greater 1, and the augment 21. And if in the place of the multi-

¢¢ plicand there is 5, and the augment is 1 affirmative, multiply crossways and

“ numbers without end will be obtained.

¢ And this which has been written is the introduction to the Indian Algebra.
¢ Now by the help and favour of God we will begin our object.”

END OF THE INTRODUCTION.



BOOK 1.
ON THE EQUALITY OF UNKNOWN WITH NUMBER.

DO E——

" KNOW that whatever is not known in the question, and it is required to bring
it out by a method of calculation, suppose the required number to be one
“ or two unknown, and with it whatever the conditions of the question in-
“ volve, and proceed by multiplication and division, and four proportionals and
“ five proportionals, and the series of natural numbers, and the knowledge of the
“ side from the diameter, and the diameter from the side, that is the figure of the
“ bridet, and the knowledge of the perpendicular from the side of the triangle,
“ and conversely, and the like, so that at last the two may be brought *to equa-
“lity. If after the operation they are not equal, the question not being about
“ the equality of the two sides, make them equal by rejection and perfection, and
¢ make them equal. And that is so, that the unknown, and the square of the
“ unknown of one side is to be subtracted from the other side, if there is an un-
“known in it; if not subtract it from cipher: and subtract the numbers and
*“ surds of the other side from the first side, so that the unknewn may remain
*¢ on one side, and number on the other; the number then, and whatever else is
¢ found, is to be divided by the unknouwn, the quotient will be the quantity of
¢¢ the unknown.
‘ If the question involves more unknown quantities than one, call the first
¢ one unknown, the second two unknown, the third three unknown, aud so on.
“ And the method is this. Suppose the quantity of the lower species less than

*¢ that of the higher, and sometimes suppose —;, and -;-, and -;7 of the unknown

* There are many parts of the rules given in the rest of the Work which are unintelligible to me ; they
are obscured probably by the errors of transcribers and of the Persian translator. —I translate them as exactly
as 1 can from the Persian.

+.The Arabs call the 47th proposition of the first book of Euclid, “ the figure of the bride.” I do not
know why. .
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¢ and the like: and sometimes suppose the unknown to be a certain number, and
¢ sometimes suppose 1 unknown and the rest certain numbers.” The shortest
method of solving the question is directed to be observed, and the whole at-
tention to be given to what is required.

The first example is, ‘ A person has 300 rupees and 6 horses; and another
¢ person has 10 horses and 100 rupees debt; and the property of the two is
¢« equal ; and the price of the horses is the same; what then is the value of each?
¢¢ Or, the first person has two rupees more than the property of the first person
¢ in the first question, that is 3 horses and 152 rupees; and the second has the
“ same as he had before, and the property of both is equal ; what then is the
g price of one of the horses? Or, in the first question, the property of the first
¢« person is three times the value of that of the second, what then is the value of one
“ horse? The operation in the first question is this: I suppose the price of a horse
¢ to be the unknown ; 6 horses are six unknown. The first persor’s property then
¢ is 300 rupees affirmative and 6 unknown : and the property of the second is 10
“ unknown and 100 rupees negative. As by the, question both these sides are

¢“ equal there is no occasion for the operation of rejection and perfection. I
¢ make them equal in this manuer:

“+ 300 Rupees 61’ |

ot

— 100 Rupees | 102 |

¢ First I write them both, above and below, and I take 100 rupees negative from
¢ 300 rupees affirmative, it is 400 rupees affirmative; and I take 6 upknown from
¢ 10 unknown, there remains 4 unknown. 400 rupees is equal to 4 unknown. I
« divide the first by the second, 100 rupees is the quotient, and this is the price

of a horse.” Theother questions produce also simple equatlons, m whlch nothing
remarkable occurs. : ~

~

The second example has three unknown quantities with only one equatlon ; it
is solved first by assuming the unknown quantities in the proportion of 3, 2 and
1; and secondly by assuming them as 1, 5, and 4.

In the third example the Mussulman names, Zeid and Omar are introduced.
The _fourth and fifth examples contain rothing worthy of notice.

The sixth is as follows: ¢ A person lent money to another on condition that he
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“ should receive 5 per cent. a month. After some months he took from him the
“ principal and interest, and having subtracted the square of the interest from
¢ principal gave the remainder to another person, on condition that he should
“ receive 10 per cent. and after the same time had passed, as in the former case,
¢ he took back the principal and interest, and this interest was equal to the first
“ interest ; what sum did he lend to each person, and what was the time for
“ which the money was lent*:”

The first principal is supposed unknown, and the number of months during
which it was lent is supposed 5. The question is solved by the rules of propor-
tion and a simple equation. Another way is given for working this question, viz.

¢ Divide the interest of the second by that of the first, call the quotient the
 multiplicand, and suppose a number the interest for the whole tiine and takeits
“ square, and from the multiplicand subtract 1, and divide the square by the
¢ remainder; the quotient will be the amount of the second sum, and the second
“ sum multiplied by the multiplicand, or added to the square of the interest of
¢ the whole, will be equal to the first sum.”

The next question is like the preceding, and is solved by means of the 1ule.
I.pass over several other examples, which contain nothing new or remarkable.
A question in mensuration comes next.

¢ There is a triangle, one side of which is 13 surd, and another side 5 surd,
« and its area 5 direhs; how much is the third side? I suppose the third side
“ unknown; the side 13 is the base. It is known that when the perpendicular
¢¢ is multiplied by half the base, or the base by half the perpendicular, the pre-
« duct will be the area of the triangle. Here the base and the area are known,
“ and the perpendicular is unknown. 1 divide 4 which is the whole area by half
# of 13 surd ; the quotient i3 the perpendicular. 1 perform the operation thus:
“¢ As 4 is a number I take its square 16, for the division of a number by a surd

. % is impossible. I take half of 13 surd thus: I square 2, which is the denomi-

“ nator of %, itis 4. I divide 18 by it. The quotient is 13 parts of 4 parts. I

* L et p, p, be the principal, 1, i, the interest; R, r, the rate, and N, n, the number of the months. If
prn =i, PRN=1, Pp=p— i N=n, and 1 =i; we have (p — i3). RN = i ==pm; or pR7— {*yN =
RN ri* i
R—r R

73
prn; whencepn X (R —7) =#*RN, and R —7 = , but this is equal to "—P ,and P =

wiich is the first part of the rule; the rest is evident. -
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“divide 16 by 13 parts of 4 parts; it is 64 parts of 13 surd; and this is the
¢ perpendicular. I then require the excess of the square of 5 surd above 64 parts
“of 13 surd: First I take the square of 5 surd; it is 5 number ; take its square,
“ it is 25 surd ; the root of which is 5. 1 then take the square of 64 parts of 13
“surd, as above. I take the excess thus: I make 5 of the same sort; it is 65;
] take the excess of 65 above 64 ; it is one part of 13 surd; and this is from
¢¢ the place of the perpendicular to the angle formed by the side 5 and the base.”’

The other segment of the base is found by subtracting this from the whole, by
a rule which was given in the 4th chapter of the introduction, for finding the

difference of two surds, viz. y/a—vb= V (‘/ (5 — 1)* X ). Thesquare root

of the sum of the squares of this segment and the perpendlcular gives the quantity
of the unknown side of the triangle.
. In'the next question, the sides of a triangle bemo' given, its area is required,
Ore of the segments of the base made by a perpendicular, is supposed unknown.
From two values of the perpendicular, in terms of the hypothenuses of the two
right-angled triangles, and their bases, an equation is formed ; from which the
unknown quantity is brought out. The equation involves many surds, and they
are reduced by the rules laid down in the introduction. The perpendicular is then
found by taking the square root of the difference of the squares of a segment of
the base, and of the adjacent sides of the triangle, The operatwn is here con-
cluded. Ina marginal note are directions to find the area, as in the foregoing
case.

The next is,  What four fractions are those whose denominators are equal, and
*“ whose sum is equal to the sum of their squares. Also what four fractions are
¢ those, the sum of whose squares is equal to the sum of their cubes.” For the
first part of the question: ‘‘ Suppose the first fraction one unknown, the second
“ two unknown, the third three unknown, and the fourth four unknown, and
“ below each write 1 for the denominator. The sum of the four is 10 unknown,
¢ Their squares are 1 and 4 and 9 and 16, whose sum is 30 square of unknown,
“ and these two quantities are equal. Divide both by one unknown ; the quotients
“are 10 number and 30 unknown. Divide 10 by 30 unknown, the quotient is

¢ -é—of unknown, The first fraction then is i—, the second 2, the third -§, and

¢ the fourth %; and the squares of these fractions are s-l)-and d 9 and L and

R
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"

*¢ the sum of these four is 39—0, and this is equal to 19 In the same manner the

3
the other fractions are found to be-g- L] S
100 107 I lO

The next is to find a right-angled triangle, ¢ the area of which is equal to its
“¢ hypothenuse ;” and to find a right-angled triangle, * the area of which is equal
“ to the rectangle of its three sides.” For the first part of the problem, ene side
of the triangle is assumed equal to 4 unkuown, and the other side equal to 3 un-
known ; the hypothenuse is found equal to 5z, and the area equal to 6u*; the
equation 5r = 62* being reduced, gives the value of @. For the second part, the
sides are assumed as above, and the value of . is deduced from the equation 604*
= 62"

The next probiem is, to find two numbers of which the sum and the difference
shall be squares, and the product a cube. The numbers are supposed 52* and
4r*, and the cube to which their product must be equal 10002%, whence & is
found.

The next is to find two numbers such that the sum of their cubes shall be a
square, and the sum of their squarcs a cube. One number is supposed 2% and
the other 2u* and the cube 1252'* 1In the solution of this the following
passage occurs: ‘‘ The cube of the square of unknown, which in Persian algebra
¥ is termed square of cube.” In the margin is this note: ‘ Here is evidently a
“ mistake ; for in Persian algebra the unknown () )@.x\..) is called thing (b_,j;,),

o and —

‘““and its square ( é")"’) square (Lo), (literally possession;) and its cube-

“ (axsm) cube (u\:.f). and when the cubeis multiplied by thing, the
« product is called square of square (‘_)L, ‘)L,), and when the square of
‘¢ square is multiplied by thing, the product is called square of cube (s JL4);
¢ and when the square of cube is multiplied by thing, the product is cailed cube
“of cube (s’ Laxy), not square of cube. For example, suppose 2 thing
«¢ 4 js its square, 8 its cube, 16 its square of square, 32 its square of cube, 64 its
*“ cube of cube, not its square of cube, although it is the cube of the square

“( &y ~2Em.), or the square of the cube (Laasmny éJfa) "

In the next example the three sides of a triangle are given, and the perpen-

* Sum. of the cubes e=x* 4 84 = 915 (a square) ; and the sum of squares = z* 4. 4x% = 5x%, assume this
== 125a%, or 5x4 = 125x%, whence 51 = 125, and x =25 ; therefore 625 and 1250 are the numbers,
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dicular is required. It is found in the same way as the perpendicular was found
in one of the former questions, when the sides being given the area of the
triangle was required. - ,

The three following are different cases of right-angled triangles in which the
parts required are found by the principle of the square of the hypothenuse being
equal to the sum of the squares of the two sides, and simple equations. In the
first the base and the sum of the hypothenuse and the other side are given. In the
second the base and the difference of the hyptohenuse and the other side are
given; and in the third the base, part of one side, and the sum of the hypothe-
nuse and the other part of that side, are given. .

The first book ends with the following example: “ Two sticks stand upright
“ in the ground, one is 10 direhs in height and the other 15 dirchs, and the
« distance between the two is 20 direhs. If two diameters are drawn between
¢ them, what will be the distance from the place where they meet to the ground #? )
+ Suppose the perpendicular unknown; it is known that as 15 to 20, so is the
+ unknown to the quantity of the distance from the side 10 to the place where the
¢« unknown stands. We find then by 4 proportionals, 4 thirds of unknown is the said
% quantity. In like manner we find the second quantity 20 parts of 10, that is
¢ ¢ unknown. Take the sum of the two, it is 10-thirds, and this is equal to £0.
+ Divide 20 by 10-thirds, the quotient is 6; and this is the quantity of the un-
s known, that is of the perpendicular. From the place where the perpendicular
« stands on the ground, to the bottom of the side 15, is 12 ; for it is. 2 unknown.
"¢ The second quantity is 8 direhs; for it is 1 unknown and a third of unknown.
« And know that whatever the distance is between the two sticks, the quantity
« of the perpendicular will be the same; and so it is in every case. We can also

Qe

* Let An = 10, pC == 15, BD == 20.
By similar triangles BD : 8P :: DC: PG,
BD : PD $! BA ! PG, G
whence Bp : PD :: BA $ DC,
therefore BD is divided in » in the ratio of pc to BA. B >
By composition BP 4~ ¥D 1 BP 11 BA<k DC : BA; but 8» 4- PD = 8D, therefore BA + DC and 3a arein
the ratio of BD to P ; whence, by the first proportion, BA 4 DC : BA :: DC : PG, thatis, pa is a fourth

proportional to B4 < pC, B4, and pC, whatever be the length of BD.
Lucas de Burgo has this proposition, (see his Geometry, p. 56.) where the lengths are 4, 6, and 8; or page 60,
where they arc 10, 15, and 6. The same is in Fyzee’s Lilavati, where the rules are

ABX CD BD X CD BD X AB
o T ee— — an =____—
Pty PT Ao d vz AB + ¢cD’

H2
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¢ ascertain these two quantities by another method, and that is the ratio of 25,
“ (that is the sum of the two sides) to 20, is like the ratio of 15 to the unknown;
“ that is the quantity towards theside 15. Multiply 15 by 20, it is 300. Divide
300 by 25, itis 12. The ratio of 25 to 20, is like the ratio of 10 to the unknown ;
“ the result is 8, and this is the quantity towards the side 10. By another
¢ method, by four proportionals, we find that the ratie of 20 to 25, is like the
* ratio of 8 to the unknown ; 6 is the result. In like manner the ratio of 20 to
¢ 10, is like that of 12 to unknown; again 6 is the result. Another method is,
‘ divide the rectangle of the two sticks by the sum of the two, the result is the
¢ quantity of the perpendicular, and the quantity of the ground we multiply by
¢ each side separately, and divide both by the sum of the sides. The two quotients
¢ will be the quantities from the place of the perpendicular to-the bottom of the
“ sticks; accordingly divide 150, which 1s the rectangle of the two sticks, by

"4 95, the quotient is 6.  Multiply 20 direhs, which is the quantity of the ground
““ by both sticks, the products are 300and 200. Divide both by 25, the quotients
““are 12 and 8. In this manner the figure may be found by calculation as
“ correctly as if it were measured,”

£ND OF THE FIR6? BOOK.



BOOK 2.

“ ON the interpositien of the unknown : where the square of unknown is
“ equal to number, and that is rejected with the unknown.” (Or divided by
the unknown () Py~ MEY) IJ.;I). (I do mot know what he wmeans here,
perhaps there is some error.)

« It is intitled, ¢ Interposition of Unknown,’ (J = laaw))‘ ); because
¢« that which is re\qmred is brought out by means (14,.,1,) of the unkgown, Itis
“ called Interposition (laams 45); and Mudhum Uhrun (unknown means) in
¢¢ Hindee is to be so understood. Its method is this: The square of ynkmown
‘¢ being equal to number, multiply both, or divide both by an assumed number,
¢¢ and add a number to the two results, or subtract it from them that both may
“ be squares. For if one side is a square the other also will be a square; for they
¢ are equal, and by the equal increase or diminution of two equals, two equals
¢ will be obtained. Take the roots of both, and after equating divide the num-
‘¢ ber by the root of the squale of unknown, that is by unknown ; the result will
* be what was required. And if there is equality in the cube of the unknown,
“ or the square of the square, that is ‘after the operation in the thing and cube;
“ and square of square, if the root cannot be found, nor be brought out. by rule,
“in that caseit can only be obtained by perfect meditation and acuteness*
« And, after equating, if the two sides are not squares, the method of makmg
‘¢ them squares is this. Assume the number 4, and multiply it by the pumber of
“ the square of the first side, and multlply both sides by the product. And ja the

" ! — 2 - )

* From this place to the end of the rule Mr. Burrow’s copy is as follows: ¢ And if in the sule wluch bas the.
« unknosn there is a number greater than the unknown, if the number is affitmative make it negatxve, and if,
“¢ negative, two numbers will be. fmd in-the conditions required; and the way to find the dssumed nunMer by

.

“ which the two sides shoudd be myltiplied, and:the sumber. 1o be ndded, in exteémely esby ; forimutipky: the' '

+ multiplicand of the number of the square of thq unkaown by 4, and let the sqpare of: the, nubers 'of q;, ynve
+¢ knows, of the side in which there is the squarc of the uukbown, be the nimber added.””
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¢ placc of number increase both sides by the square of the thing of the unknown,
“ which is on that side; both sides will be squares. Take the roots of both and
“ equate them, and the quantity of the unknown will be found.

Ezample. * Some bees were sitting on a tree; at once the square root of half

“ their number flew away. Again, eight-ninths of the whole flew away the
“second time; two bees remained. Illow many were there? The method
“ of bringing it out is this: From the question it appears that half the sum has
““aroot; I therefore suppose 2 square of unknown, and I take 1 unknown, that
« is the root of half. And as the questioner mentions that two bees remain, 1
§.
9
“and 2 units, is equal to 2 square of unknown. I perform the operation of
“ equating the fractions in.fhis manner, I multiply both sides by 9, which is the
¢ denominator of a ninth; 16 square of unknown and 9 unknown, and 18 units,
“is equal to 18 square of unknown. I equate them thus: I subtract 16 square of
« unknown of the first side from 18 square of unknown of the second side ; it is
¢ g square of unknown affirmative; and in like manner I subtract 9 unknown of
¢ the first side from cipher unknown of the second side ; 9 unknown negative
¢ remains, Then I subtract cipher the numbers of the second side from 18 units of
“ the first side ; it is the same. The first side then is 2 square of unknown affirma-
¢ tive and 9 unknown negative, and the second side is 18 units affirmative, In this
“ example there is equality of square of unknown, and unknown to number ; that
“ is equality of square and thing to number. As the roots of these two sides can«

“ not be found, suppose the number 4, and multiply it by 2, which is the number
“¢ of the square of the unknown, it is 8. I multiply both sides by 8; the firstside is

“ 16 square of thing, and 72 unknown negative; and the second side is 144

“ units. I then add the square of the number of the unknown, which is 81, to the

“ result of both sides; the first side is 16 square of unknown, and 72 unknown

“ negative, and 81 units; and the second side is 225 units. I take the roots of

« both sides: the root of the first side is 4 unknown and 9 units negative ; and

“ the root of the second side is 15 units affirmative. I equate them in this

““ manner: I subtract cipher unknown of the second side from 4 unknown of the

“ first side; and 9 units negative of the first side from 15 units affirmative of

"4 the.second side; the first is 4 thing, and the secound side is 24 units affirma-
" tive, I divide, 6 is the result, and this is the quantity of the unknown; and

. - . 16
“ unknown and 7 of 2 square of unknown, that is ) of 1 square of unknown,
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“ as we supposed ¢ square of unknown, we double 36 ; the whole number of bees
‘¢ then was 72.” :

. ' .2
In the next example arises the equation Y +4r+ 10=2*; then 2* — 82=20,

40 — 82 4+ 64 =4 X 20 4 64 =144, 2r— 8 =12; x = 10"

The next example is, *“ A person gave charity several days, increasing the
¢ gift equally every day. From the suin of the days 1 being subtracted and
¢ the remainder halved, the result is the number of dirhems which he gave the
“ first day; he increased always by half of that number: and the sum of the
¢ dirhems is equal to the product of these three; that is to say, the number of
‘ days, the number of dirhems the first day, and the number of the increase,
1
7
“ number of dirhems given the first day, and 2 is the number of the increase ;

2 3 . -
(4r+1) X 20 X7 =27+ 82, add % of this ﬁ_;ﬂ = the sum of the
dirhems. Then by a rule of the Leelawuttee, ((4r + 1) — 1) o 4 22 = the
number given the last day; half the sum of what was given the first and
last days = what was given the middle day. Multiply this by the number of
162" + 6407

7

tiply by the assumed number 8, for in this case as the co-efficient of z is even,
assume the co-eflicient itself of 2%, and add the square of half the co-efficient of

29+ 2
2, 640" — 4320 + 729 = 841 ;80 — 27 =29, ¥ = —9—§—l =7

« added to . of the product.” Let the number of days be 4x 4 1, 2ris the

. 82 — 547 = 14, Mul-

days; it is 82° + 102" 4 2z, which is =

The next is to find 2 in the equation (-5— + -3) X 0 = 90. The solution is,
¢« I suppose, what is required to be thing, I divide it by cipher; as the quotient
« is impossible, zhing is obtained, whose denominator is cipher. Its square, which
« is the square of thing, whose denominator is cipher, I add to thing, which is the
“root. It is the square of thing and thing, whose denominator is cipher. I
¢ multiply by cipher; it is the square of thing and thing. Cipher is thrown out
« by a rule of the Leelawuttee, which says, that when the multiplicand is cipher,
s¢ and the multiplier a number whose denominator is cipher, the product will be

-,

# Part of this example, and most of the rest in this book, are wanting in Mr. Burrow’s copy.
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“ that number, and cipber will be rejected.” . Wlhence the equation 2* 4+ ¥ = 90
which is solved in the common way.

The next is; a value of v is required in the case ({«+ 'g) X 0)' + 2 (v 4+ ;-) X

0 = 15. It is brought out in a manner similar to that of the foregoing.

- The next example is of a cubic equation, viz. a* 4+ 12 =62* 4 35. The
terms involving the unknown quantity being brought all on the same side, 8 is
added to complete the cube. I take the cube root of the second side 3, and I
‘¢ write the terms of the first side in the arithmetical mauner, thus: 8 units nega-
¢ tive, and 12 unknown affirmative, and 6 square of unknown negative, and 1
¢t cube of unknown. First, 1 take the cube root of the last term, it is 1 un-
“ known. I square it and multiply it by 3, and 1 divide the term which is last
“ but one by the product ; 2 units negative is the quotient. Its square, which is 4
* affirmative, 1 multiply by the term first found, viz. 1 thing; it is 4 thing., I
“ multiply it by 3, it is 12 unknown. I subtract it from the third term which is
“ after the first, nothing remains, After that I subtract the term 2 negative from
“ the first term, nothing remains, The cube root then of the first side is found 1
* thing affirmative and ¢ units negative.” Whence » — 2 = 8, which is re-
duced in the usual way.

In the next a biquadratic is found, 2* — 400r — 2.* = 9999. To solve this
400w 4 1 is directed to be added to each side; the equation is then a* — 2r* +
1 = 10,000 4 4902. The root of the first side is 2* — 1, but the root of the
second side cannot be found. Find a number which being added, the roots of
both sides may be found; that is 42* + 400& 4+ 1. This will give 2* 4 22* 4 1
= 10,000 + 4x* 4 4002 ; and extracting the square root, &* 4+ 1 = 100 + 2.,
‘which is reduced by the rules given in this chapter. At the conclusion of the ex-
ample are these words : “ The solution of such questions as these depends on
“ correct judgment, aided by the assistance of God.

In the two next examples notice is taken of a quadratic equation having two
roots. ¢ When on one side is thing, and the numbers are negative, and on the
¢ other side the numbers are less than the negative numbers on the first side,
¢ there are two methods. The first is, to equate them without alteration. The
¢¢ second is, if the numbers of the second side are affirmative, to make them nega-
* tive, and if negative to make them affirmative. Equate them ; 2 numbers will
“ be obtained, both of which will probably answer.” :

" The next example is, * The style of a dial 12 fingers long stands perpendi-
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¢ cular on the ground. - If from its shadow, a third of the hypothenuse of these
“ two sides, viz. the style and the shadow, is subtracted, 14 fingers will remain.
“ \/hat then are the shadow and the hypothenuse >’ In the right-angled

triangle “B a being = 12, and b — ;—: 14; c and b are required. The equa-

tion (36 — 42)* = ' + 144 arises, and is reduced to 45 — 63 =27. The two
1
.values + 27 are taken noncc of.  TFirst, 4 27 gives b = 227 » which is

declared to be right. From — 7, b is found = 9; ¢ but here,” it is observed,
“ 9 is not correct ; for, after subtracting a third of the hypothenuse, 14 does
“ not remain.” - In opposition to this, some one speaking in the first person (the
Persian translator, I suppose) says, “ I think that this also is right,” and goes on
“ to prove that in this case the hypothenuse will be = — 15.”

The next problem is to find four numbers such that if to each of them 2 be
added, the sums shall be four square numbers whose roots shall be in arithmetical
progression ; and if to the product of the first and second, and to the product of
the second and third, and to the product of the third and fourth, 18 be added,
these three sums shall be square numbers; and if to the sum of the roots of all
the square numbers 11 be added, the sum shall be a square number, viz. the
square of 18.

It is here observed, by way of lemma#, that, in questions like this, the ¢ aug-
“ ment of the products” must be equal to the square of the difference of the roots,
multiplied by the * augments of the numbers;” otherwise the case will be im-
possible. -

The following is an abstract of the solution: (Let w, r, 3, 3 be the four num-
bers required, and r, s, ¢, v the four roots which must be in arithmetical pro-

gression). By the lemma we find the common difference ‘/ % = 3. The first

root being 7, the second will be = r 4 3, the third = r 4 6, and the fourth =
r+9.

Now rs—2=y/(wr+18), and st—2=y/(ry+418), and tv—2=+ (y2+18).

® In a marginal note, which I suppose to be written by the Persian tramslator, the application of the Lemma
to the problem is illustrated thuss Let 4, 4, c be three numbers; (a —8)* X ¢4 (a* =¢) X (§® —¢)=(ab—e)%
1In this case we have a— b = 3, ¢== 2 and 4 and a two successive roots ; and as r0 = r* — 2, and x = s? — 2, &c.
the reason of the rule is plain, ’

N §
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We have now w+2=r*; ov+2=(r+9)*; y+2=(r+6)"; 3+2=(r+9)*;

And wr418=(rs—2)*; ay+18=(st—2)*, and yz418=(r0—2)".

Making r+s+t+v+(rs—2)+(s2—2) +(fv—2)+11=13*; a quadratic equa-
tion arises, which being reduced r is found = 2, whence w = 2, 2 = 23, y=062,
and g = 119.

Some questions about right-angled triangles occur next; the first is, “ Given
“the sides of a right-angled triangle 15 and 20; required the hypothenuse.
“ Although by the figure of the bride the hypotheuuse is the root of the sum of®
“ the squares of the two sides, the method of solution by Algebra is this : In this
¢ triangle suppose the hypothenuse unknown, and then divide the triangle into
“ two right-angled triangles, thus: Suppose the unknown hypothenuse the base
‘¢ of the triangle, and from the right-angle draw a perpendicular ; then 15 is the
‘¢ hypothenuse of the small triangle, and 20, that of the large one. By four pro-
“ portionals I find, when the least side about the right angle, whose hypothe-
“ nuse is 1 unknown, is 15; how much will be the least side about the right
‘“ angle whose hypothenuse is 15.” In like manner the other segment is to be
brought out, whence » =25. ¢ If I would find the quantity of the perpen-
¢ dicular, and the segments of the hypothenuse at the place of the perpendicular,
‘it may be done in various ways; first by four proportionals,” &c, They are
found on the same principle as above. “ And another way which is written
¢ in the Leelawuttee is this; The difference of the two containing sides, that is
“to say 5, I multiply by 35, which is the sum of the two sides; it is 175,
“ I divide by 25 thatis the base; the quotient is 7. I add this to the base, it
“is 32. I halve it, 16 is obtained; when I subtract 7 from the base, 18
““remains. I halve, 9 is the smaller segment from the place of the perpen.
* dicular.

Rule. ** The square of the hypothenuse of every right-angled triangle is equal
% to twice the rectangle of the two sides containing the right angle, with the
“ square of the difference of those sides. As the joining of the four triangles
* ahovementioned is in such a manner that from the hypothenuse of each, the
“ sides of a square will be formed, and in the middle of it there will be a square,
“ the quantity of whose sides is equal to the difference of the two sides about the
“ right-angle of the triangle ; and the area of every right-angled triangle is half
¢ the rectangle of the sides about the right triangle. Now twice the rectangle
t¢ of the two sides containing ¢hat is 600, is equal to all the four triangles ; and
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*“ when I add 25, the small square, it will ‘be equal to the whole square of the
“ hypothenuse, that is 625, which is equal to the square of thing ; and in many
‘* cases an effable root cannot be found, then it will be a surd; and if we do
“ not suppose thing, add twice the rectangle of one side into the other, to the
“ square of the difference of the sides, and take the root of the sum, it will be
‘ the quantity of the hypothenuse. And from this it is known that if twice the
‘ rectangle of two numbers is added to the square of their difference, the result
“ will be equal to the sum of the squares of those two numbers.”

- . . . A .
The next is in a richt-angled triangle . Giveny/(AB—38) —1 = ac —
o o i) c

Bc, required the sides. ¢ First, 1 perform the operation of contrariety and op-
‘¢ position : let ac — Bc be supposed 2. To this add 1, itis 3; take its square,
““itsis 9; add 3, itis 12. This is the quantity of the less side ; its square which
“is 144 is = aA¢* — BC*; here then the differences of the two original numbers,
* and of the two squares are both known ; and the difference of the squares of two
“ pumbers is equal to the rectangle of the sum of the two numbers, into their
¢ difference. Therefore when we divide the difference of the squares by the
« difference of the two numbers, the sum of the two numbers will be the quotient:; .
“ and if we divide by the sun, the difference will be the quotient: because the
¢¢ square of a line has reference to a four-sided equiangular figure whose four
¢ sides are equal to that line; for example, the square of 7 direhs is 49. If E
“ subtract the square of 5 from it, 24 remains; and the difference of 7 and 5 is
¢ g, and their sum 12, and the rectangle of these two is 24, which is the number
« yemaining. Then it is known that the rectangle of the sum of the two numbers
« into their difference, thatis 12 multiplied by ¢, is equal to the difference of the
«¢ squares of the two that is 24,” &c. On this principle the sum and difference
being found, the numbers themselves are had *“ by a rule of the Ieelawuttee,” viz.
a<+b a-d__ a+b a—b
2 + 2 a, and 2 g = b.

By supposing other numbers besides 2 for the difference, and proceedmg in the
above manner, tnangles without end may be fouud.

As objection is here made (I suppose by the Persxan translator) that the
above is not algebraical. It is then stated that the translator has found out an
easy way of solving the. question by Algebra. He directs that the difference
AC— BCc may be assumed = 2,.as before; and maklno' BC =0, ac will be

1 2
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=z + 2, and AB being = 12, the value of & may be found from the cquatlon
2 412 = (r +2)N )

Ruke. * The difference of the sum of the squares of two numbers and the
“ square of their sum is equal to twice the rectangle of the twe numbers. For
¢ example, the squares of 3 and 5 are 9 and 25, that is 34, and their sum
¢ is 8 and its square 64, and the diffcrence of these is 30, which is equal to twice
“ the rectangle of 3 and 5 that is by the 4th figure of the second book thus.” In
the copy which I now have, the figures are omitted. In Mr. Burrow’s copy it is

64
8 9 15 | 3

S 13 %5 |5

S S

Then follows another rule: 4ab — (@ + 8)* = (a — 4)*, which may be easily
understood by this figure. There is no figure in Mr. Burrow’s copy, nor in my
present copy, but I had one in which there was a figure for the demonstration of
the 8th proposition of the second book of Euclid.

Next come two examples: The first of them is, what right-angled tnangle is
that “ the sum of whose 3 sides is 40, and the rectangle of the two sides about
¢ the right angle 120?

« The method of solution is this: By the first rule take twice 120 it is 240,
* and this is equal to the difference of the sum of the squares of the sides about
‘ the right angle, and the square of their sum that is the hypothenuse. Then
‘¢ the difference of the squares of the two numbers, one of which is the sum of the
“ two sides and the other the hypothenuse, is 240; and the sum of both is 40.
“ In the method of finding out the triangle, it was before known that the dif-
« ference of the squares of two numbers is equal to the rectangle of their sum and
¢ difference ; when the difference of the two squares is divided by the differ-
% ence of the two numbers, the quotient is the sum of the numbers; and if it is
“ divided by the sum, the quotient is the difference. Let then 240 be divided
“ by the two numbers, which together make 40 by the question, the quotient
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 js 6, and this is the difference of the hypothenuse and the sum of the two sides
“ ahout the right angle; then add 6 to 40, and take its half, it is 23; this is the
“ sum of the sides; subtract 6 from 40, and take its half] it is 17, and this is the
‘* hypothenuse, for the sum of the two sides is always greater than the hypothe-
“ nuse by the asses proposition*. It was stated in the second rule that the
¢« difference of the square of the sum of two numbers, and 4 times their rectangle,
“ is equal to the square of their difference. Take then the squares of 23, it is
¢ 529, and 4 times the rectangle of the two sides, it is 480; their difference is
¢ 49, which is equal to the square of the difference of the sides, that is 7: then
¢ add 7 to 23, and subtract it from the same, and the bhalves, are 15 and 8 the
% two sides.”

The next example is, A] required 7, y, 2, such that 2 4+ y 4+ 2z = 56,

and ayz = 4200. “I suppose the diameter (the hypothenuse) unknown take its
st square it is 2*: This is equal to the sum of the square of the two sides about
¢ the right angle, by the figure of the bride; and as 4200 is the product of the
# rectangle of the two sides multiplied by the hypothenuse, I divide 4200 by the

¢ unknown, the quotient 4200

o

is the rectangle of the two sides. And it was

¢¢ stated that the excess of the square of the sum of the numbers above the sum
¢ of their squares is equal to twice the rectangle of the two numbers. The sum
«“ of the two sides is 56 — r; I take its square, it is 2* — 11220 4+ 5136; and the
“ sum of the squares of the two sides is 2*, for that is the square of the hypothenuse,
* which is the same. I take the dltference of the two— 1127 4 3136, and this
«¢ s equal to twice the rectangle of the two sides, that is §;4_9__ ” &e.

The equation is reduced in the common way: the square in the quadratic,
which arises, being completed by adding the square of 14, which is half the co-
_efficient of 2. 1n this way the hypothenuse, and thence the other sides are

breught out. ‘ S - ’

1

- —

. Meaniﬁg by the asses propasition the 20th of the. first book of Euclid, which we are told was ridiculed b
the Epicureans as clear even (0 asses. These passages are only interpolations of the Persian translator,

y e

- BND OF THE SECOND BOOK.
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BOOK 3.
“ EXPLAINING THAT MANY COLOURS MAY RE EQUAL TO EACH OTHER.”,

v @ P

“ THE rule in this case is to subtract the unkunown of one side from the un-
“ known or cipher of the other side, and all the other colours and the numbers of
¢ the second side from the first side, from which the unknown was subtracted,
¢“and divide those colours by the unknown. If, as may happen, the denomi-
“ nators are one quantity, perform the operation of the multiplicand ; and if the
¢« denominators are different unknown quantities let them be unknown. Suppose
¢ the quantity of every one of these unknown the denominator, and put it below
“ the colours of the dividend, and reduce the fractions and reject the denomina-
*“ tors; then the unknown will not remain on any side. After that subtract the
“ black of one side from the other side, and subtract the rest of the colours and
¢ the numbers from the side from which the black was subtracted, and perform
¢ the same operations as were directed for the unknown, and the quantity of the
“ black will be obtained; and in like manner the rest of the colours, and all
« the quantities of the ximltiplicand will be obtained. Then perform with it the opera-
¢ tion of the multiplicand ; and the multiplicand and quotient will be obtained. The
¢« multiplicand will be the quantity of the dividend, and the quotient the quantity of
“ the divisor. And if in the dividend of the operation of the multiplicand, two
“ colours remain ; as for example, black and blue, suppose the second in order,
¢ which is blue, the dividend, and suppose black a number, and add that to the
“ augment, and perform the operation; and when the quantity of the two last
“ colours is obtained, we shall known by the method which has been explained
¢ and illustrated - in the examples, what are the quantities of the other colours
““which are below it. Aund when the quantity is known, reject the name of
“ colour, and if the quantity of the colour is not obtained in whole numbers,
“ again perform the operation of the multiplicand till it comes out whole ; and by
“ the quantity of the last colour we know the quantities of the other colours, so
‘¢ that the quantity of the unknown will be found. If then any one propose a
¢ question in which there are many things unknown, suppose them different
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“ colours. Accordingly, suppose the first unknown, and the second black, and
¢ the third blue, and the fourth yellow, and the fifth red, and the sixth green, and
‘“ the seventh parti-coloured, and so on, giving whatever names you please to
¢ unknown quantities which you wish to discover. And if instead of these
¢ colours other names are supposed, such as letters, and the like it may be done.
¢ For what is required is to find out the unknown quantities, and the object in
¢ giving names is that you may distinguish the things required.”

From the first question in this book arises the equation 5r + 8y 4 7z 4 90 =

70 + 9y + 6z + 62. From this is derived —Y -';f + 28 or —¥ +; + 98:,.1’.

Now z is assumed = 1, and from —Z =~ y 2+ 29

, the multiplicand and the quotient
are found by the rules of the fifth chapter of the introduction as follows: The
augment being greater than the divisor, the former is divided by the latter. The
quotient is retained, and the remainder is written instead of the augment; the
quotient is found = 0 and the multiplicand = 1. As the number of the quotients
arising from the division of the dividend by the divisor is in this case odd, and
as the dividend is negative ; and each of these circumstances requiring the mul-
tiplicand to be subtracted from the divisor, and the quotient from the dividend,
the quantities remain as they were, viz. 0 and 1. Now adding 14, the quotient
of 29 divided by ¢, to O; the true quotient is 14 and the multiplicand = 1.
Therefore # = 14, and y = 1, and 2 = 1; and new values may be found by the
rules of the 5th chapter of the introduction.

The next question is the same as the third of the 1st book. '

In the next we have the four quantities 5r + 2y + 8z + 7w, and 3x + 7y +
2z + lw, and 6r + 4y + 1z + 2w, and 82 + 1y + 3z + 1w, all equal to each
other; and the values of 2, y, £, and w are required. From the first and second
is found 22 = 5y — 62 — 6w ; from the second and third 3» = 3y + ¥ — w; and
from the third and fourth 2» = 3y — 22 + w.

From the two first of these three equations 9y= 20z 4 16w, and from the two
Slw + 0

4 :
“ above, where the rule of the mulnphcand was given, it was said that when the

¢ augment is c1pher the multlpllcand will be cipher, and the quotnent the quotient.
“ of the augment divided by the divisor ; here then the myltiplicand and quotient.
* are both cipher.” Then adding 31 fon a new value of z, and 4 for a new

last 3y = 8z — 5w; whence 123 = 93w; and dividing = z; “ and
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value of w, 31 = 5 und 4 = w, and the other quantities are brought out in the
usual manner.

The next example gives 52 4+ 7y + 92 + Sw = 100, and 3v 4 5y 4 7z +
9w=100. From these comes 4y = — 8z — 36w + 200, and for the operation of

— 83 — iﬁw +200 _ . Suppose w = 4, then — 8z will be

the multiplicand

the dividend, and + 56 the augment, and 4 the divisor. As 4 measures 56, 14
times without a remainder, the multiplicand will be = 0, and the quetient = 14 :
adding — 8 to 14, and 4 t0 0, y = 6 and 3 = 4. The other quantities are found
in the same way as in the former examples. Another method, not materially
different from the foregoing, is also prescribed for the solution of this question *,
A great part of the next cxample is not intelligible to me. What I can make
. e x—5 x—4 & =3 r—92 _
out is this. To find x so that —— = 3, —— =3, =
whole numbers. Taking values of x in these equations the following are found
6y = 53— 1, 53=4v—1, and 40 = 3w — 1; from this last w =Sandv =g,

4 —’0,'——3—:&',

but these numbers giving % a fractional value of z, new values must be sought

for w and v. Then after some part which I cannot understand, the author makes
w = 3 + 4u, and says « is found = 4 ; thenw = 19, v = 2 + S, v = 14. After

. 40— 1
more, which I cannot make out, he finds —

= 11 = 2; by means of ¢ which

he adds to v and finds = 15. After more, which I can make nothing of, he finds
y-=9 and r = 59.

The next example is, what three numbers are those which when the first is
multiplied by 5 and divided by 20, the remainder and quotient will be equal ;
and when the second is multiplied by 7 and divided by 20, the remainder and the
quotient will be equal, with an increase of 1, to the remainder and quotient of the
first ; and when the third is multiplied by 9 and divided by 20, in like manuer, the
remainder and quotient will be equal with an increase of 1 to the remainder and
quotient of the second ? The first remainder is called &, the second & + 1, and the
third, » 4 2, and these are also the quotients. Let the first number be y. By the

# From this place there is a great omission in my copy as far as the question 7x? - 8y® = [J, and 733 — 832
—12=(, in the next book. Mr. Burrows’s copy, however, being complete in this part, I shall proceed te
supply the omission in mine from his.
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’ . 5y __ x 5y

question 0 =*% + 20’ whence & = e Let the second number be z, then

7z _ #4+1 _ 73—2l .

go =% +1 + 50 whence ¥ = o Let the third number be v, then

9o __ x4+ 2 _9v— 42 ]

o=+*t+2e+ 50 whence x = i From the first and second values
. z—21 .y 90 — 21

of # is found 7z—2l =y, and from the second and third ———— = 5. From

5 ¥ 7

this last is found by the operation of the multiplicand z=6and» = 7, and 9
i called the augment of z, and 7 the augment of v; as this value of z does not
give y integer, other values must be sought. The augment of z is directed to be
called w, and the value of w is to be sought; wis found =3, and its augment
5; 33 is found by multiplying 8 by 9 and adding 6 ; at last the required numbers
are found 42, 33, and 28. Most of this example after that part where z is
found = 6, is unintelligible to me. It appears only that new valués of z are
found from 6 4 9w, and that w and its values are found w = 3 and 8 + 5u, and
from w = 3 the numbers are found. I suppose the question is solved much in the
same way as such questions are now commonly done.

s—1_ 1 r—2 —g ¥= 3
*r—12x—22x—38 g 3 5

2’ 3775 g * 3 ’ 75 ’
to find « so that all these numbers shall be integers. -
Let the number required be #; let the first quotient be gy + 1, this multiplied

by the divisor 2 will produce for the dividend 4y 4 ¢, and 1 being added for
the remainder + = 4y + 3. In like manner the second quotient being assumed
8z + 2, 92+ 5 = 4y; from this last, by the operation of the multiplicand, find
z = 3 and y = 8, and the augment of z is 4v, and that of yis 9v; then »=— 4y+
3 =844 X (849v) = 85 + 36v. As the value of y, 8 will not answer for in
the third condition, proceed thus: Let the third quotient be 5ux + 3. Multiply
by 5 and add 3, 25u + 18 = &, this is = 35 4+ 36y, hence 254 — 17 = 86v; then
by the operation of the multiplicand = 5 and v = 3,36v =108, 25 X 5—174
35 =143 =, and as ¥ = 5 + 36w and v =3 4 25w, the augment of & is 900
because 25 X 36 = 900.

The next question is to find two numbers » and s such that

(s—=1r)—2 (r+s)—35
3 ’ 9 !

-3

The next question gives

r—1 s—29
’—-—Q

6 2

are integers. To find other numbers

d rs — 6

K
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besides 6 and 8. Let the first number be 52 + 1, and the second 6 + 2, the
difference is # + 1. Divide by 3; suppose the quotient y and the remainder ¢ ;
thena+ 1 =3y + ¢ and 2 = 3y+1, aud 5 4 1 the first number = 15y 4 63

. . 3
and 6x + 2 the second number = 18y+8; their sum is 33 y+14. Let —3%1—4-
=z4 i; then 93;:7—9 =y= -3”;1;-_—3 ; from this is found y = 8 and 2 = 19,

9
or y= 0+ Sw and z = 1 4 11w ; hence 53+ 1=45w+6, and 6z+2=54w+ 8.
‘¢ As the product of these taken according to the question involves »*,and would
«“be a long work,” suppose 45w + 6 =51 and let the sccond number be as it
was; throw out 7 from both, the remainders are 2 and 5w 4 1; take their
product, it is 10w + 2. Divide by 7 ; suppose u the quotient and 6 the re-
W0w+2_ _'__6 10w 4+ 2= 71 + 6, Lt 2 + 4 _ w; from  this is

7 7> 10

found w=6 or 64+7v. The second number being 54w + 8, it is 54 X6+8=332,
and its augment is 5+ X 7y = 378v. As the first number is 45w + 6, and was
supposed = 51, its augment is 45 X 7v. '

The next is, what number is that which being multiplied by 9 and 7 and the
two products divided by 30, the sum of the two remainders and two quotients
will be 26:  “ Suppose the number x, multiply it by 16, it is 16z, for if I had
 multiplied separately by 7 and 9, by the first figure of the second book, it would
“ also be 162", Let the quotient of 16z divided by 30 be y, 16z—30y is the re-

mainder, add the quotient y ; 162 — 29y =26, and 299 l-g_i)‘ == 2. The augment

mainder;

being greater than the divisor, subtract i6 from 26, itis 10. By the operation of
the multiplicand, the quotient is found 90 and the multiplicand 50. From 90
subtract the 29%, and from 50 the 16’°; 3 and 2 remain. Take 3 from 29 and ¢
from 16, 26 and 14 remain. As 16 was once rejected from the augment, add
1 to 26, + = 27, and the quotient is 14 and the remainder 12. No new values
can be had in this case by the augment, for then the quotient and remainder
would be greater than 27. :

The next is, what number is that which multiplied by 8, 7, and 9, and the
products divided by 30, and the remainders added together and again divided by
30, the remainder will be 11. Suppose the number z; let 19z be divided by
30, and let the quotient be y, then 194 — 30y = 11. “ If we had multiplied
¢ separately, and divided each number by 30, the sum again divided by 30 would
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« also have been equal ta 11 § but this would have been a long operation. The proof
¢« of the rule for such numbers is plain ; for example, if 8 be multiplied by 2, 3, and
« 4, it will be 16, 24, and 33, and dividing each by 15, there will remain 1, 9,
¢ and ¢ The sum aof these, that is 12, divide by 15; there remaius 12. If § is
‘“ multipligd by the sum of these that is 9, it will be 72; divide this by 15, 12

30w 4+ 11
“ remains.” From —0!}_5_— = z by the operation of the multiplicand is found x =

29 + 30m, and y = 18 + 19m.
The next is, what number is that which being multiplied by 23, and divided

by 60, and again by 80, the sum of the remainders is 100.? Let the numbcr be 2.
Suppose the first. remainder 40, and the seeond 60, and let %q._r Ty + s 0, then

:qglg—-;—:ﬂ Again, letﬁc:z-k'— then Q{_&%'_?Q. Hence 30z {90
= 60y, from which are found y =8 and 5 = 2; these values do not make @ in-
teger. y =3+ 4m, 2 =9 4 3m.. Lety =7 and 3 = 5, thenx = 20. By sup-
posing the remainders 30 and 70, 2 will be=90, and the question may be worked
without supposing the remainders given numbers, and by subjecting the quan-
tities separately to the operation of the multiplicand. S

. . 3
In the next example y being the quotient of lg’ z 4+ y=30. “ Here ther¢ can

“ be no multiplicand for no line (of quotients) is found, nor can it be brought
“ out by interposition” (meaning quadratic equations). Proceed then by another
mcthod and the question is solved by position ; the number is supposed 1S, and

brought out truly Ql§ ; afterwards is added, ‘I say this too may be done by

"

¢ Algebra thus:” Cal! the number x, A
% +a= lqu = 30, 18z = 390, ¢ = 21%.

The next example is. It is said in ancient books that there were three people,
of whom the first had 6 dirhems, the second 8, and the third 100. They all
went- trading and bought pawn leaves at one price, and sold them at one rate,
and to each person something remained. They then went to another place where
the price of each leaf was 5 dirhems; they sold the remainder and the property of
the three was equal. At what price did they buy first, and at what rate did they

sell, and what were the remainders ?
| §4
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Let the number of leaves bought for 1 dirhem be z, and suppose the price they
sold for to be a certain number. For example: Suppose 1.0 leaves sold for 1
dirhem, then the leaves of the first person were 6z; let the quotient of 6x,
divided by 110 be y, which is the number of dirhems first had ; 6z — 110y is the
number of leaves remaining. Multiply by 5, 530z — 550y is their price; add
the former result y, 30x— 549y is the amount of the first person’s property. Then by
four proportionals is found what theproduceof 8z and 100z will be, thatof 6zbeing

y; the second person is found to have y -l-land the third 16y 4 2,'!. After
workmg as above, according to the terms of the question, the amount of the

r — .
second person’s property is found w and in like manuer the third

-2 i
1500z ; 7450 prom 30z = 549y, z is found = 0, and its augment

549, thisis ==z, and y = 80*. Itis added that unless a number is assumed the

question cannot be solved without the greatest difficulty.

'This book closes with some general remarks about the attention and acuteness
requisite for solving questions like these.

person’s

* Some of these numbers are evidently brought out wrong, for x should be divisible by 5 and by 21. Taking
525 (instead of 549) for x, and puttirig a, 6, ¢ for the leaves sold at 110 per dirhem ; we get 4 = 1100 4 a, and
¢ = 51700 <4 a; where a may be 110, or the multiples of 110 up to 770,

END OF THE THIRD BOOK.



BOOK 4.

“ ON THE INTERPOSITION (laauw )_,) OF MANY COLOURS.”™

“ AND that relates to making the squares of many colours equal to number.
“ Jts operation is thus: When two sides in the said condition are equal, in the
‘“ manner that has been given above for the interposition of one colour, suppose
¢ a number and multiply or divide both sides by it, and add or subtract another
“ number, so that one of the two sides may be a square. Then the other side
“ must necessarily have a root, for the two sides are equal, and by the increase or
¢ decrease of equal quantities, equals result; then take the root of that which is
¢ easiest found. And if in the second there is the square of a colour and a
* number, suppose the square the multiplicand and the number the augment,
““ and find the root by the operation of the square which was given above, and
“ this certainly will pe number. Make the first root of colours equal in these
¢ two, and know that you must equate so that the square, or the cube, or the
« square of the square, of the unknown may remain. And after the operation of
¢ the multiplication of the square, the less root is the quantity of the root of the
¢t square of the colour of that.side which was worked upon ; and the greater root
“ is the root of all that side which was equal to the root of the first side. Equate
‘“ then in these two sides. Aud if in the second side there is the unknown, or
¢ the square of the unknown, the operation of the multiplicand cannot be done.
“ Then assuming the square of another colour perform the operation. Thus it is.
¢ If there is the unknown with numbers, or the unknown alone, whose root does
“ not come out by the multiplication of the square, unless by assuming the square
“ of another colour; when the root of this is obtained, equate in both and find
“ the quantity of the unknown. The result of this is, that you must apply your
“ mind with steadiness and sagacity, and perform the operation of multiplication
“ of the square in any way that you can.” Here follow a few lines of general
observations not worth translating.
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Lyample. 'What number is that which being doubled, and 6 times its square
added to it, will be a square ?

Let the number be x, and let 2z + 6¢* =y* Multiply by 24, which is 6 mul-
tiplied by 4, and add 4; then-divide by 4, it is 120 + 362" + 1 =6€y* +1;
VvV (i2r + 864" + 1) = 64 + 1. As the root of the other side 64* + 1 cannot be
found, perform the operation of the multiplication of the square. Suppose the

Q
less root, or y =2; then 6y* +1=5*; 5 =6+ 1, r = 3 By the rule of

cross multiplication for new values y = 2 X 10 + 2 X 10 = 40 and 6z + 1 = 49,
whence 2 = 8.

The next is: What numbers are these two, the square of the sum of which,
and the cube of their sum, is equal to twice the sum of their cubes? .

Let the first number be v — y; and the secomd & + y, their sum will be 2z :
then 42 + 82' = 2 ((* — 3)' + (2 + #)’) =42 + 12xy*; 4r + 42" = 12y°;
4x* +4x + 1 = 124" + 1; vhence2z 4+ V= + (1¢y* + 1). Then by the mul-
tiplication of the square, making 2 the less root, 7 is the greater, 2z + 1 =7,
=8, y=2: #—y=1, #+y=5. By cross multiplication new values may be found.

The next is: What number is that which, when the square of its tquare is
multiplied by 5, and 100 times its square subtracted from the product, the re~
mainder is a square?

2

Let the number be 2, and let 52*— 1002* = *; 5% — 100 = -'5/: = [O. Sup-

pose 10 the less root, then 5 X 10* — 100 = 400 = 20*; whence y = 200 and
2 = 10.

The next is: What are those two whole numbers whose difference is a square,
and the sum of whose squares is a cube 7

Let the two numbers be 2 andy; let y — o = 3%, then o' = §* — Qyz 4 24,
and as #* + ¥* = @, let 2y* — 2y2* + 2* =2°% - Then 2y* — 2yz* = 2* — 24
and 4y* — 4yz* = 22° — 22% and 43" — 4y2* + 2* = 22° — 2*; whence 2y — P
= v/(25° — 2*) =2*V/(22' — 1). Now by the multiplication of the square
making 5 the less root, @ X 5* — 1 =49, and 7 is ‘the greater root. Then
V(P —2) =175 =2 —2"; Y —25=175, y =100, * =y — 2* = 75.
Or if 3 = 29 new values of = and y will be found as above.

Here follows a Rule. ‘“ Know that when both sides are equal and the root of
“ one side is found, and on the other side there is a colour and its square, make
¢ this side equal to the square of the next colour, that is to say not to #, and let
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“ jts square be to that of y, and if y be its square, make it equal to the square of z,
“ and multiply or divide both stdes by a number, and add or subtract something
¢ 5o that the root of the side may be found. Here then I have found two roots ;
“one the first, which is the root of the first of the first two sides: and the
¢“ second, the root of the first of the second two sides, which is not equal to that
“ toot. Perform the operation of the multiplication of the square with that other
“ side whose root is not found. Let the less root be equal to the first root, and
¢ the greater root be equal to the second root, and the quantity of these colours
“ will be found.”

Example. A person gave to a poor man in one day three units, and gave every
day with an increase of two. One day the poor man counted all the money,
and asked an accountant when he should receive three times the sum, at the rate
paid. Let the number of days passed when he counted his money be z, and the
rumber of days when the sum would be tripled y. First find the amount received
in the time &, thus: ¢¢ By a rule in the Lilavati.” (v — 1) X 24+ 3 =20 +1 =
2r+1+43

2
Multiply this by the number of days, z* + 2 is the sum. In like manner the
sum for the time y is ¥* + 2y, which by the question is = 82* 4- 6.r; whence
9+ 18r+9=3y"+6y+ 9, and 8w + 3 = ¥V (8y* + 6y + 9). Let 3y* 4
6y 4+ 9 = =% then will be found 3y 4+ 3 =4/(8z* — 18). By the multiplication
of the square, making 9 the less root, 33* — 18 = 15%, therefore 3y + 3 = 15 and
y =4 ; and because 3y*+ 6y +9=12* =81, and 3v+ 3 =9, v+ = 2. Thus,
on the first day, he got 3, and the second 5, and the sum is 8 ; and on the fourth
day be had 24, which is three times 8. In like manner, by making the less root
33, the greater root will be 57, and y = 18 and # = 10, and other values may be
found by assuming other numbers for the less root.

Then follows a Rule, which is so mutilated that I do not know how to translate
it. Asfar I can judge, its meaning appears to be this: If azr* 4 by* = 2%, the
quantities are to be found thus: Either find 7 such that ar*+4= [J =p*, and then
@ will be = 7y and z = py, or apply the rule given at the end of the 6th chapter
of the introduction for the case, when ¢ = (J.

Required* 2 and gy, such that 72* 4- 8y = [0, and 7¢* —8y* 4+ 1 = (4

the gift of the last day ; = 2 + 2 = the gift of the middle day.

P Y

* At this place my copy comes in again.
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7+* +.8y* is supposed = 2*. The operation of multiplication of the square is
directed to be performed, 7z being the multiplicand, and 8y* the augment: ¢ I
« suppose 2 the less root, and multiply its square which is four by 7 the multi-
“ plicand; it is 28 ; add 8, the square is 36; 6 then is found the greater root ;
“ 6 black then is the quantity of blue, and @ black the quantity of the unknown.”
Thus z is found =6yandx = 2y. The second condition is 70* — 8y* + 1 = O,
whence by substituting 2y for 2; 28y* — 8y* + 1, or 20y* 4+ 1 = Q0 = »". Now
by the operation of multiplication of the square, supposing the less root, and
20 X 2*+1=81=w"; whencew = 9. Therefore » = 4 and y = ¢, supposing 36
the less root, & will be = 72 and y = 36.

In the next Example = and y are required such that 2* 4+ ' =3, and
24 y=(. The multiplicand being a square let the augment be divided by .

Then by a rule of the 6th chapter of the introduction Y : d— o, Letj%-‘-y

= w*, then y* 4+ y = 2w'. Multiply by 4 and add 1, 4y* 4 4y 4+ 1 =8z* + 1.
The root of the first side of the equation is 2y + 1. Find the root of the second
side by the operation of multiplication of the square, supposing 6 the less root,
17 will be the greater; now 2y 4+ 1 =17; whence y =8 and @ = 28 Other
values of y and x are 49 = y, and 1176 =

Another method of solving this question is given. Supposing one of the
numbers 2x* and the other 72*; the sum is 92*, which is the square of Sz. The
square of the first added to the cube of the second, is 82° + 49x*; let this be = 3%
divide by z¢, the quotient is 8z* + 49. Perform the cperation of multiplication
of the square, supposing 2 the less root, 8 X 4 + 49 = 81 =9*, Therefore
z = 2, and the first number 2z* is=8, and the second 7z* is=28 ; and supposing
7 the less root, 21 will be the greater root : then £ = 7, and the first number will
be 98 and the second 343.

Rule. “If a square is cqualf, the root of which cannot be found, and in

s+n 5=
* Viz. IfA—p’ (supposing As? 4- 8 =3y?), then —-;—:y, and——_x
P

+ Here scems to be an omission.
1 Ifthe number can be reduced to the form (ax 4 my)® +ry?, it becomes rational by making as 4 my =

'—‘-—-—ly, for then ( y) +ryt= (— -y)’ In Ms. Burrow’s copy this rule begins, “ If there are two
# sides, the root,” &c
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“ which there are two squares of two colours, and the rectangle of those two
“ colours; take the root of one square, and find from the second square a root, so
“ that from the two squares that rectangle may be thrown out.

¢“ For example: In the second side is 36 square of unknown, and 36 square of
“ black, and 36 rectangle of unknown and black. Take the root of 36 square of
“ unknown, 6 unknown ; and from 36 square of black, take the root of 9 square
¢ of black, 3 black. When we take twice the rectangle of these two roots, the
‘“ rectangle which is also 36 will be thrown out; and from the squares 27 square
‘ of black will remain. Divide whatever remains by the colour, of which this is
‘ the square; and from the number of the colour of the quotient, having sub-
“ tractcd one, halve the remainder, make what is obtained equal to that root

“ which has been found. After dividing the second by the first, the quantlty of
“ the first colour will be obtained.”

In the next example r and y are required such that 2* +y* 4+ zy = O, and
V@ + 3y +ay) X(@4+y)+1=n. ¢Thefistequation being multiplied by
* 36 gives 362" + 36xy* + 36y = 362>. The root of one square and part of the
‘* second square, the rectangle having been thrown out, are found 6 unknown, and
“ 8 black: there remains 27 square of black.” Then applyina' the rule, "x is

_ 5y ._ 25 25y 49y°
found = 5 whence 2* = 93/, and 2* 4+ 3* +.2'J—T+3/ + 3.1/-‘%"'

:(—7—} , and \/(.r‘+y’+.zy)x(.v+y)+l:7§l(-?y+ y) + 1 __.ﬁ_yg_-l_-_g’ makc

this = z*, then 564* 4+ 9=9w". Then.root of 9w*is 3w, and by the operation
of multiplication of the square, making 6 the less root, 45 will be the greater root.
For 56 X 36 + 9 = 2025 = 45*; therefore y =6 andx = 10; or makmg 180
the less root, y = 180 and 2 = 300.

The next question is: Required & and y such that f‘!—;—”-’ =) and 2* + 3)‘
=g,ade+y+2=n0,andr—y +4+2=0, and 2* — y* +8 = 0, and
I L V@ ) V@ 2) + V(@ —y + 2) + V(=g +8)

= o. Itisplain that 6 and 8 will answer the above conditions. Pass them
and find two others, It is required to find them by means of one unknown
quantity only. Suppose the ﬁrst number p* — 1, and the second 2p. Then
ay + *—1) X ep+2 - 2 a .

LA
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ep+1+4p=p+p'+1=0p+1)" Andr+y+2=(("'~1) + 2+2
=p+2p+1=(p+1). Anda*—y'+2=(p—~1)> And *'— 9' 4+ 8=
pt—2p*+1—4p"+8=p*—6p*+9=(p*'—3)*; and the sum of the roots is equal to
p+ @+ + @+1) + (p—=1) + (p*—38) = 2p* + 3p — 2. As the root of
this cannot be found, make it equal to 9*: then 2p* + 3p = 9* + 2. Multiply
by S and add 9; 16p* + 24p + 9 = 89* + 25. Find the 100t of the first side
V(160" + 24p + 9) =4p + 3. For the root of the second side perform the
operation of multiplication of the square. Suppose the less root 5, the greater
root will be 15 ; for 8 X 25 + 25 = 225 = 15*. Make the root of this equal to
that of the first side 4p + 3 =15, whencep=238. Inthiscasewx =8andy =6;
making the less root 30, the greater will be 85; p will then be‘-;l and v = ..1_6;‘71
and y = 41; or making the less root 175, the greater will be 495, p = 123
2= 15128, and y = 266. Orx may be supposed = p’ + 2p, andy = 2. Or
r=p*—2p, andy=2p—~2 Oro=p"+4+4p+3, and y =2 + 4. And
the numbers required may be brought out in an infinite number of' ways besides
the above.

Here follows an observation, that in calculation, cortectness is the chief point ;
that a wise and considerate person will easily remove the veil from the object ; but
that where the help of acuteness is wanting, a very clear explication is necessary.
““ And so it is when there is such a question as this: What two numbers are those,
“the sum or difference of which, or the sum or difference of the squares of
“ whigh, being increased or lessened by a certain number, called the augment,
“ will be a square. If examples of this sort are required to be solved by one
% colour only, itis not every supposition that will solve them; but first suppose
¢“ the root of the difference of the two numbers one unknown, and another
“ nurober with it either affirmative or negative. Divide the augment of the
« difference of the two squares, by the augment of the sum of the numbers, and
¢ add.the reot of the quotient to the root of the supposed difference abovemen-
“ tioned ; it will be the root of the two numbers. Take then every one, the
« square of the root of the difference of the numbers, and the square of the root
« of the sum of the numbers, and write them separately. Afterwards, by the way
* of opposition add and sybtsact, the augment of the difference, and the sum of
“ the two numbers aforementioned, asis in the example, to and from the squares of
“ the two, which, by the question, were increased or diminished. The result of
« the addition and subtraction will be known, and from that the two numbers
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g may be found in this manner, viz. by the rule +9) '; (r—9) = 2, and

&« (:l‘ +y) -2' (J'—y) ._..y.n

The next is to find z and ysuch thatr +y + 3 = g, andr —y 4+ 8=0

H

and2* +y'—4 =0, and2* —y* + 12 =, and%/+y: @, and the

sum of theroots + 2 = 0. Exclude 6 and 7, which it is plain will answer.
v/(v — y) is suppesed = p — 1, then x is made equal to P'— 2andy =¢p,
wherefore 2+ y + 3= (p'—2) +9p + 3= (p+ 1), andr —y + 3 = (p'—2)
—2p+3= (p—1)’, and 2*+y'—4= (p*—4p*+4) +4p'—4= (»)', and 2*—y*+

12 = (p'—4p'+4) —4p' +12=(p'—4)} and  +y = (F—-QM +2p=p', and

the sum of the roots 42 = (p+1) + (p—1) +p*+ (p*—4) +p+2=2"+3p—2;
make this = ¢*; 2p*+3p—2=¢", and 2p’+3p:4]’+2. Multiply by 8 and add 9.
16p*+24p+9=8¢"+25. The root of the first side is 4p+3. Find the root -of
the second side by the operation of multiplication of the square ; making the
less root 175, the greater root will be 495. Therefore 4p+43=495, and p=1g3,
and »=15127, and y=246.

The next is : Required 2 and y such that »*—y*4+1=[], and «* +y+1=0.
Let 2*=5p*—1 and y*'=4p?, #'—y*'+1=p*and #*+y*+1=(3p)*. The root of
4p* is 2p.  Find the root of 5p*—1 by the operation of multiplication of the
square. Supposing the less root 1, the greater will be 2. Supposing 17 the less
root, the gieater willbe 38. Orif #* 4+ 9*— 1 =@, ande -3 — | =, let
' = 5p* + 1 and " = 4p*; and so on as in the first case.

Rule. “ When the root of one side is found, and on the second side there js
‘“ a colour, whether with or without a number, equate that side with the square
** of the colour which is after it and one unit. And bring out the quantity of
“ the colour of the second side which is first in the equation ; and bring out whas
‘“ is required in the proper manner.”

Ezample. To find 2 and y such that 3¢+ 1=n, and5r+ 1 =n. Let
304 1= (32 4+ 1)’ then » =33z* 4 25, let 5(83* + 92} + 1 = w*, whence
152*4+10z=w*—1; multiply by 15 and add 25 ; 2252* + 156z + 25 = 15w*+10.
The root of the first side is 15z + 5. Find the root of the second side by the

L3
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operation of multiplication of the square ; making the less root 9, the greater will
be 35; 15z 4+ 5 = 35; therefore = = 2 and x = 16. By another way: Let

2 2
~

—_ . 53 — 2 . ' '
———3—1- ; multiply by 5 and add 1, —5—, make this = w*; 52* = 3w* +2.

Multiply by 5 ; 25%* = 150" 4 10; the root of the first side is 53, - Find the
the root of the second as before, making the less root 9, the greater will be 35 ;
whence = and 2. In the above example other values of & aie mentioned besides
those which I have taken notice of.

~

T =

The next example is: Required # such that Sr+1 = @, and 3(3x + 1)"

‘ —
+1=0. LetSr4+1=p'; then3r =3'— 1, andr = ‘!/-—3—]; multiply this

by 3 and add 1, the result is y*, the cube cube root of whichisy. Let 3y* 41
= 2*; making the less root 4, the greater will be 7, whence v = 21.

The next is : To find x and y such that 2(+*—9*)+3=03, and 3(+"—¥")+3=0.
“ Know that in bringing out what is required, you must sometimes suppose the
‘ colour in that number which the question involves, and sometimes begin from
“ the middle, and sometimes from the end, whichever is easiest. Here then
¢ suppose the difference of the squares unknown,” &c.

3

Let 2*— y*=p ; make 2p+3=¢*; then Z;—S:p ; multiply this by 8, and add 3,

it iszf-g:—s ; let this be = 7; therefore 8¢* — 3 = 27*; multiply by 3 and

transpose ; 9¢°=67r"+9; the root of the first side is 3¢. Find that of the second
side by the operation of multiplication of the square. Making the less root 6, the
greater will be 15.  Or making the less 60, the greater will be 147. If S¢g=15,
g=5; if 5¢=147, ¢=49. In the first case p=11, and in the second p = 1199.

. .’_ 3 ll
Suppose » — y = 1, a* — ¢* heing = 1], lr-—-g =r+y= T=115 and 2+vy

and ¥ — y being given, 2 and y may be found. In the first case » = 6 and y = 5.
In the second # = 600 and y = 599. 4

Rule. * If the square of a colour is "divided by a number and the quotient is
‘“ a colour. If after the reduction of the equation its root is not found, make it

“ equal to the square of a colour, that the quantity of the black may come
“ out.”
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ot — 4
7

The next eAxamplc‘ which concludes this book is: Required . such that

— 4 =1, then 2* = 7y + 4 the root of the first
7 Y Y

side is z; that of the second side cannot be found, ¢ Then by the above rule™
let 72 + 2 = V(7Y + 4); 492° + 285 + 4 = 7y + 4; whence 72* + 4z = 9,
¢ As the quantity the of biack is 7 square of the-blue, and 4 blue; and as 7 blue and
9 units were supposed equal to a root which is equal to the unknown, I make
“¢ it equal to the unknown. This same is the quantity of the unknown. I sup-
¢« pose the quantity of the blue a certain number,” &c. As7z+42=x. If2=0,
z=2. If z=1, *=9. If 2=2, #=16. Other values of #+ may be found in the

=3 whole number. Make

same manner.

« After* equating that the two sides may come out, multiply the first side by
¢t 3 number and take its root, and keeping the second side as it was, multiply the
¢ number of the second side by the number which the first was multiplied by,
« and make it equal to the square of a colour.”

Erample. 'What number is that whose square being multiplied by 5, and 3

added, and divided by 16, nothing remains ? Let the number be 2. Let b l;- 3
=y, a whole number; then 52" =16y — 3, 52* X 5 =252, ¢/(252*) = 5z
8+ 1

Then there seems to be assumed 3 X 5=z*—1, and afterwards from 5 =5

the question is prepared for solution.

The next rule is: “ If the cube of a colour is divided by a number, and the
“ quotient is a colour, make it equal to the cube of a colour. The way to find
¢ that, is this :* Assume the cube of a number and divide it by the divisor ; there
‘¢ should be no remainder ; and add the number with it again and again to the
¢ divisor, or subtract it from it; or let the cube be a cube of a number, which
. “join with it ; or again multiply that number by the fixed number 3, and the
“ result multiply into the quotient, and divide it by the dividend; also there

* In Mr. Burrow’s copy the fourth book ends with two rules and two examples, which, as far as I can make
them out, are as above,
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“ will be no remainder. If a number can be found with these conditions equate
“ with its cube.”

Example. What number is that from whose cube 6 being taken and the .re-

mainder divided by 5 nothing remains? Let the number be & and c ;' 6 Y

a whole number. Hence 2* = 5y 4-6. Then the cube root of this which is =2
is assumed = 5z + 1, and y is found = 25z° 4+ 15z* + 3z — 1.

END OF THE FOURTH BOOK.
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BOOK 5.
« ON TIIE EQUATION OF RECTANGLES»
) [ T | . )

r
st

——)- Q-G

AI\D that relates to the method of solving questions which involve the
«¢ rectangtes of colours. Know that when the question is of one number multi-
¢ plied by another, if the two numbers are supposed colours, it necessarily ‘comes
“ under tectangle of colours. The solution of that being very ‘intricate and
“ exceedmgly difficult, if one number is required suppose it unknown ; and lt
“ two ok thre, $tppose one unknown and ‘the others certain numbers, such’ that
¢ when they att maltiplied togethér accofdmg to the question, no colour will be
# plitairied except the unknown, and it will not come under rectangle of colohrs.
“ And besides" multiplication, if the increase or diminution of a number is re-
“ quired; perforny the 6pérat10n according to the question, then it will be’ exactly
“'d \questiofi ‘0F the “same:dort as thos¢ in the first book, which treatd of‘ the
s dquality ofi{known aud number. By tlie rules \vhlch were 6'1‘Ven t‘hére 'Mlat
¢ iy reqited will'belfound? - 1 o e
* ~fhe first’ questno'n Is-to'find " 'and y sach that 47 4+ 3_1/ + =uxy. Supposmg
y' =5, then Ay e VY e 51', ‘wherefore » = 17 and y = §. Supposing’ y=0,
then:r = 10! ' In°like insnner any number whatever being put for y the value of

z will be found.

The next is to find w, a, g, 2, such that (w+z+4y+ z) 20 = wayz. Suppose
the first 0, the second 5, the third 4, and the fourth 2 ; then 20w +4220=40w,
and w = 11. Other values of w, x, y, 2, are_taken notice of.

The next is to find 7 and y in integers such that v/(z +y + 2y + 2" + ') +
2 +y =23, or =53. 'Inthé first case, suppose the first number %, and the
second 2, then v/(2* 4+ 3v + 6) + o + 2=23, and ¥/ (+* + 37 + 6) = 21—z,

and * + 32 +'6 = 2* — 42 + 441; whence x will be found = %9; this not
being an integer, let the operition be repeated. Suppose y ='3 then & will be
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found = (:—71- ; this too being a fraction, supposey = 5; then z willbe = 7. In

the second case a number is put for y, and a fractional value of . is found.
¢ And if we suppose the second number 11, the quantity of the unknown will
““ be 17, and this is contrary ; for if the second number is supposed 17, the quan-
“ tity of the unknown will be 11; and if one is supposed a colour and the other a
¢ certain number, .it is probable that the unknown will be brought out a fraction;
‘¢ and if a whole number is required, it may be found by much search, And if

“ both are supposed colours, and the question solved by this rule, a whole
“ number will easily be found,”

Rule*. *“ When two sides are equal, the method of equating them is thus:
“ subtract the rectangle of one side from the other side, and besides that what-
5« ever is on the second side is to be subtracted from the first; then let both sides
¢ be divided by the rectangle ; and on the side where there are colours let those
¢ colours be multiplied together. And let a number be suppased, and let the
“ numbers which are on that side be added toit; and let the result be divided
¢‘ by the supposed number ; and let the quotient and the number of the divisor
“ be scparately increased or lessened by the number of the colours which were
* before multiplication, whichever may be possible. Wherever the unknowa is
« added or subtracted there will be the quantity of the black ;- and wherever the
¢ black is added or subtracted there will be the quantity of the unkmown: And
¢ in like manner if there is another number, and if both addition and subtraction
“¢ are possible, let both be done, and two different numbers will be found. Also
¢ if the number of the colours is greater, and cannot be subtracted, subtract the

“ quotient and the number of the divisor from the colour if possible, what was
“¢ required will be obtained.” *

Erample. 2 and y are required such that 4v 4 Sj + 2 =ay. Mdltiply 3 by

* This rule is very ill expressed ; it must mean—The equation I'Je;mg reduced to ax 4 by-q-c =xy, at

o :' € will be= yand é 4 p==x. Because ax+by-}c=1y, ¢ = a2y —ak—by, add ab to both sides, then ab-c

=xy—ax=by 4+ ab= (x — b) (y— a): and making p=x — b, y —a will be = ab;- °. Therefore x= & +
@ : £, More formulz may be had by resolving ab 4-¢ into different factors.

g andy=a+
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4, and add 2 to the product 3X4+42=14. Suppose 1. Divide 14 by 1. Add 4

. 1
to the number 1, and add 3 to the quotient 44+1=5=y, and 3 4 -{}- =17 = a.

Or4 + llﬁ =183 =y, and 3 4+ 1 =4x. ‘ And no other case is poss:blc Di-

viding by ¢, the quotient will be 7; y =11 and z =35. And by another
method y will be found = 6 and = = 10 %,
. To find # and y so that 10z + 14y — 58 = Qxy. After reducing the equation
to 50 4 7y — 29 = ay. By the rule above given, assume divisors of 5X7—29;
1 being the divisor, 6 is the quotient.
54+ 1= 6-yand7+6—13....r,
or 546=11=y 7+ 1= 8 =uo,
or 5—1= 4=y 7—1= 6=mu=n
2 being the divisor, 3 is the quotient.
y =238, y=1 y=3,
r =09, r=10, .2 =4;
and no others are poooible. 8 being the divisor ¢ is the quotient, and the quan-
tities are as above. It is added that these two examples may be proved by
geometiical figures as well as numbers. :

* [n Mr. Burrow's copy thera is another example which is wanting in mine. It is as above,

THE END.



Mr. Davis’s Notes.

B O e

1 neRe put together all I have been able to make out of Mr. Davis’s notes of
the Bija Ganita. What I have extracted literally is marked by inverted commas ;
the rest is either abstract, or my own remarks or explanations. I have preserved
the divisions of the Persian translation for the conveniénce of arrangement and for
easy reference. Mr. Davis’s letter td me, authenticating these notes, is annexed.

e~~~

| Chapter 1st of 1ntroduction.

R ——

"T'HE manner in which the negative sign is expressed, is illustrated in the notes
by the addition and subtraction of simple quantities, thus: * Addition.—When
¢¢ both affirmative or both negative, &c.

When contrary signs, the difference
¢ is the sum. '

| <1 & .
<o o
| =] & @
| = | & co.

< Subtraction.

= 1lw w
[ =1 e oo
|‘hlmu
lh.'to we
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¢ Multiplication.

‘“ When both are affirmative or both negative the product is affirmative.
2X3=6, .2X1.3:6, 9.)(53:6, 2X3=6.

“ Why is the product of two affirmative or two negative quantities always
“ afirmative? The first is evident. With regard to the second it may be ex-
“ plained thus: Whether one quantity be multiplied by the other entire, or in
¢ parts, the product will always be the same, thus:

€135 X 12 = 1620

41385 X 8 = )080
“ 135 X 4 = 540

—

1620

“ Then, let 135 be X by 4, but 12—4=16 and 135 X 4 = 540; 135 X 16
¢ =2160, and 540 4 2160 = 2700, which is absurd; but 540 4 2160 = 1620."”

Mr. Davis remarks to me that there are here evidently soine errors and some
omissions, and he thinks that the meaning of the last part of the passage must

have been to this effect: 12 may be composed of 16 addcd to4. Let 135 be

multiplied by 12, so composed
135 X 16 = 2160 135 X 16 = 2160

185 X 4= 540 15X 4= 540
135 X 12 = 2700 This is absurd: but 135 X 12 = 1620 which is
right. Thus too 4 may be taken as formed by 12 -+ 16 = 4, and if

135 X 16 = 2160 135 X 16 = £160
1.5 X 2 = 1620 135 X 12 = 1620

185 X 4 3780 which is absurd : but 155 X 4 = 540 which is right,

Perhaps something like the following might have been intended :
—155X—8
T— 135X —

155 X (4— le)i '
~8;and8— 12=—4; therefore the sum of _ — 35X (8—12) must be==—~135X —1g,

- 135X — 12 =160 either4or— % =1620e¢ither4+-or—; now 4 — 13—

M 2
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—135% (4—12)=— 540+ or — 1620
— 135X (8—12)==—1080+ or —1620

‘ product —1620 —3240=~4860 if — X — gives — ; but
— 16204 3240=41620 if — X — gives +; therefore —135X —12=+1620.

Chapter 3.
« OF QUANTITIES UNKNOWN, BUT EXPRESSED BY LETTERS.”

i : ————t00 0000 em—r

"‘Jab'\lit:tabut».. ceeo Ist. o T
“Kaluk . oo vven..o2d. . G
“Neeluk « oo o....5d.. 5%
“Peet ..........4th - 9

“Loheet . .......5th . @

&c.
* Commentary adds Hurretaka . . . 1
- “ Chitraka. . .. 2
&c.
¢ These are styled abekt or unknown, '

“ These may be added to themselves, subtracted, &c. but cannot be added
“ to, &c. known quantities in the manner explained, or to unlike quantities of
“ any kind. The square of JJT cannot be added to T, but the addition may be
* expressed thus T 1 add to JT JT ; the reason is, because to add 5 signs

¢ to 2 degrees we cannot say 5 added to 2 is equal to seven, for this would be
¢ absurd, we therefore write the sum 5* ¢°. But when the unknown quantity is
“ discovered it may then be added to the known, into one simple quantity.
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“ The unknown quantities are usually written first, and the highest powers of
¢ them before the lower..

“qT q2 |W313- This is g2* + 3r + 3.

Also
“ The multiplication of unknown quantities,

- ¢ To multiply JTe | into 2 I we have 374,
T by T gives its square or JT > and this multiplied by JT, gives JT o, &c.

Also this example of multiplicétion

“qr3 | 15 qr s | grs
“ A2 mlo &g
ETTREA

which is the product of (50— 1) X (8z + 2).

Chapter 4.
“ OF THE CARNI OR SURD QUANTITI]'B.”'

B e 4+ A et

« Example of two numbers, 2 and 8.

“Q 4 8 = 10, the mahti carni.

“2 X 8 = 16; its root is 4, and 4 X 2 = 8 the laghoo cami.
¢ The mahti carni . . . . 10
¢¢ Laghoo carni added . . 8

18, the sum of these carnis. This 18 is the square of
“ the sum of their roots.”
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And there is another example with the numbers 4 and 9, and the following
2 Q
theorem, ¢ 2)8(L, its rootis ¢, 4+ 1 — 1

3 1
“8%x3=9 9 X 2 = 18 sum.
“1X1=1 1 X ¢ = 2 difference.”
Also this: ¢“The carni 18 is found ; its root is the sum of the roots of the two
‘“ given numbers; but if there be two roots there must be two squares, the
¢ difference is the square of the difference between these squares.”
And the following examples in multiplication: ¢ To multiply the square roots
“of 2, 8, and 3, by the square root of 3 and the integral number 5.
“ These are surds, therefére take the square of the sum of the square roots of ¢
and 8, and multiply by the square of 5.
d Square of sum of square roots of 2 and 8 is 18.
18 1 25, 3| 450, 54
25, 8| 75, 9 | root of 9 is 3 roop.
Sqrs. Sqrs.  Sgrs.
450 54 75 —roop 3.

“ Example second.
Roop.  Carni. Carni.

“« Multipliers 5, 3, 12
« 5 g5 |25 3| 625 75| 25 roop 25 roop 675
lg% 27 | 25, 8| 675, 81 | 9 roop 9 roop 75

16 300 -

“The product therefore is 16 roop, 300 carni.”

The square of a negative quantity being made negative is here taken notice of
as in the Persian Translation: In division the following rule is mentioned.

“The carni divisor : reverse of each term, its sign, and multiply both divisor
‘“and dividend.” :

Carni which here means surd, means also the bypothenuse of a right-angled
triangle. -
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Chapter 3.

. D PH R S

“ WWHAT is that number by which when 231 is muitiplied and 65 added to the
« product, and that product divided by 195, nothing will remain.

“ The dividend bkady, divisor hur or bhujuk, the number added or subtracted
“is called chepuk. The bhady is here 221, the bhujuk 195; when divided the
“ quotient is 1, this is disregarded ; the seke or remainder is 26, by which 195
“divided the quotient is 7 disregarded, the remainder is 13, by which divide
‘“ 991, the quotient1s 17, the remamder is 0, The quotnent 17 is the true or
“ dirl-bhady.

¢ ‘Then 195 divided by 13, the quotxent is 15; the remainder 0. This quotient
¢ is named dirl-bhujuk.

“ Then divide 65 by 13, the quot&ent is 5 ; the remamder 0; the quotient is
¢ the derl-chepuk. .

¢ They are now reduced to the smallest numhers.
“ 17 dirl-bhady.  ::
¢ 15 dirl-bhujuk.
¢ 5 dirl chepuk.

The quotients are found and arranged as in the rule with 5 and 0 Dlelow,
(3 1

thus: 7

5 -

0 this is called bullee ; the cipher is called unte or the latter ; the next (5)

¢¢ is called upawtea. Multiply this by its next number (7) and add the next below

« 5, this being 0, the product will be 35. Multiply this by the uppermost number
“ (1) and add the next below (5) the amount is 40.”
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Then 40 and 35 are directed to be divided by the dirl-bhady and bhujuk.
17) 40 (2
3%

6 this is called lubd.
15) 35 (2
30

5 this is called goonuk, and it is the number sought,

65 . . . .
221 x1955 + 05 6, and directions are given for finding new values of xand g,
(supposing s :- ‘= y) by adding a (in its reduced state) and its multiples to

the value of ¥ ; and b and its multiples to the value of 2.
The next question in the notes is also the same as that in the Persian.
“ Bhady 100, bhujuk 63, and chepuk 90.

¢ OPERATION.

¢ These numbers cannot be all reduced to lower proportionals.

“100 divided by 63, the quotient is 1, the remainder 37 ; by this remainder
¢ divide 63, the quotient is 1, the remainder is 26 ; by this divide 37, the quotient
*“is 1, the remainder 11. Divide again; quotient 2, remainder 4. Divide
** again ; quotient 2, remainder 3. Divide again ; quotient 1, remainder 1 ; this re-

""la-l

* mainder 1 is disregarded. The several quotients write down thus

l-lmltolul

90 the chepuk.

ol
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¢ Multiply and add from the bottom as in the former example, 90X 14-0=90,
¢ 90 X 2+90=270, £70X2+90=630, 630X 1+4-270=900, 900X 14-630=1530,
% 1530 X 14-900=2430.
“ The two last are the numbers sought ; then
¢ 100)2430(24 this is disregarded.
200

——

430
400

P
—

30 Seke or rgmainder is the lubd.
“63)1534(24 '

126
270
252
18 this is the goonuk » '
100 X 18 + 90 __ ' ' ' o
= 0 ’ : : . o
&5

The method of reducing the bhady and chcpuk is: notxced and the values of
z= 171 and y = 27, being first found the true values are found thus s
L 63)171(2 "and 10)27(2. " BRI

- . . N 126 - L2 . S, ) oo

a5 7
63 —45 =z and (10 —-7) X 10=y. Lo
The several methods of proceeding: fist, by redacing the bhady and chepnk
second, by reducing the bhujuk and chepuk; third, by reducing the bliadyand
chepuk ; and then the reduced chepuk and the bhujuk are also mentioned.

The following explanatxon of these reductions is given :

¢ The bhady 27, bhujuk 15;

¢¢ these are divided each by 8 . . . . 9 and 5.

“ Write 27 in two divisions . . . .. 9 and 18 -

¢ these again divided by 3 ... ..8and 6,
“ these two add 3 + 6 =9 thus the parts added, how many s ever arc, always
“« equal to the whole, thus therefore they are. reduced to save ;rouble, and there-
“ fore all these numbens are so reduced ; but the goonuk is as yet unknown, Let
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« it be supposed  to be 5, by which multiply the parts of the bhady 9and 18;
g X 5 =45, 18 X 5 = 90, which added are 135,. and the bhady 27 X 5§ =
¢« the same 135 ; this divided in two parts, 60 and 75, and added again, are 135,
¢« The lowest terms of 27 and 15 above, are 9 and 5; the common measure 3,
¢ multiplied by 5, 3 X 5 =15 and 9 X 15 = 135.

¢ 'Thus too the chepuk must be reduced, and when they are all reduced to the
¢« Jowest, the lubd and goonuk will be true; and if their numbers are not reduced
« to their lowest terms, the work will be the greater.”

The principle on which the chepuk is reduced is explained thus:

’ “6? 'r}n‘: c‘ﬁnux.” _ ;

« The bhady 221, bhujuk 195, chepuk 65 ; the goonuk was found 5, lubd 6.
221 X 5§ = 1105
195)1105(5 lubd.

975

S——

130 seke, which deduct from the bhujuk 195 — 130 = 65 equal
« to the chepuk, which divide by the ‘bhujuk 195)195(1 The lubd Jis -5, to
« which add 1; 6 = the original lubd.”

. In,another ¢xample the bhady = 60, bhujuk = 183, and chepuk = 16 or — 16.
By the bullee are found the numbers 80 and 368 ; then 368—60X6=38 the lubd

and 80 — 13 X 6 = 2 the goonuk ; 60 — 8 =52 the lubd corrected, and
60X 11416 —50 and 60X 2—16
13_ oMt — =8

« Note in the text: The product by the two uppermost terms of the bullee,
« when divided by the bhady- and bhujuk- respectively, have hitherto always
% quated the same numher, ,As in the last example 6 the quotient, and the like
;“ also in; the foregaing, e:qlmples but when it happens other\wse, as in thﬁufOl-

« lowmg ‘When the bhady is 5, the blnguk 3, the chepuk 23 affirmative or
“ negative, what will be found the goonuk ?

18 — 2 = 11 the goonuk corrected.

3)5(1- . 1°
S -—
2)s(1 — | Bullee.
2 : 23
- l seke dxsregarded ' 0
S eg e 1'es, 4+ 0 =23 '5)46 (9 3 23(7
H '28X1_23,+23_46 C 45 ' 21
BIWE . ! . . — —
1 2 goonuk
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“ The two quotients being different numbers they must be taken the same;
¢ thus instead of 9, take the quotient 7.

5)46(7
35

11

¢ therefore the goon is 2, the lubd 11, sl%'is-z 1L

“ Next, when the chepuk is negative, or to be deducted, the rule directs to
“ subtract the lubd from the bhady, but here it cannot be done: the rule is
¢ reversed, thus 11—5=6, which is the lubd for the negative chepuk ; next for
¢ the goon of the rhin chepuk 3—2=1; therefore the goon and lubd.for the
“ thin chepuk are 1 and 2; 5X1=5; but from this the rhin chepuk cannot be
* taken ; therefore take it from the chepuk 23—5=18. . ‘
 3)18(G the lubd.”

g 18

0

Other cases aré mientioned for the negative chepuk and far the chepuk te-
duced, and for new values of the goon and lubd. =~

5240 g5+ 65

The examples 73 an 3 which are in the Persian translation, are

also stated here, but no abstract of the work is given, only the lubd is said to be
5 and the goonuk 0, which applies to the last of the two only.

“ The seke in bekullas is termed sood, meaning that it is the chepuk; the
“ bhady, let it be 60. The coodin or urgun is the bhujuk, from which the lubd
¢¢ will be found in bekullas, and the goon will be the seke of the cullas, which
“ must be taken as the chepuk ; making the bhady again 60, the Bhujuk will be
“ the urgun, the lubd of this will be in cullas, the seke is the seke of the ansas,
‘¢ which seke must be taken as the chepuk; the bhady being taken 30, the
*“ bhujuk is still the urgun, the lubd is in ansas, the seke is the seke of the signs,

N 2
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« which seke take as the ¢hepuk § making the bhady 12, the bhujuk will be still
“ the coodin, the lubd here will be signs, the seke is the seke of bhauanas,'
¢ revolutions, which seke must be taken as the chepuk ; the lubd will here be
“in bhaganas, the seke the urgun.’

Ezample.  * Let the calp coodin or urgun be 19, the bhaganas 9, the
“urgun 13.” : o

“ Then by pl‘OpOl‘th[l if 19 gwes 9, what will 18 gwe P” This is found to be

6 rev. l stgn, 9.6° 50, 31”, with a fraction of 11; t.hen from ﬁw—l—é—-l-l- =y,
' 60z' — 10 |
x.mdyarefomdw:lo,yzsl ; then from B T ¥, ¥y =50 and.v = 16,
. 0.1:’ o 16 ', n/__
from S—fg— =y, ¥y’ = 26; 2" == 17, from u =y, y"=1,2"=3
91'/ 7 — 38 —_— 21 20 : TR . . -
from g =¥y =6 and 2" = 13, which is the urgun.

In another Example. Scke bekullas = 117, bhaganas = 49, calp coodin or
urgun =149, Jeist urgun =97. The quantity is found by the rule to be =
23 rev. 10 signs, 18° 23/, 3817, the remamder 11.

¢ The addy month 1, is the bhady ; the coodin 195, the bhuJuk the seke of
¢¢ the addy month 95, is the chepuk.

S e 19,,)1(0 . 0
l seke disregarded 95 bullee.
“0xXx95+0=0 | Raas-Q?
“ 1)0(0 | 195)95(0
0 lubd 95 goonuk.
“95 X1.—=95=0 195)0(0

0
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“ The che tits 26 is the bhady; coodin 2¢5, is the bhujuk ; abum seke 220,
¢ chepuk. '

¢ 995)26(0 0 Raas 660
" 26)e25(8 8 5720
208 -
—_— 1 26)660(25
17)26(1 —_ -
17 1 10 seke the lubd,
9)17(1 1 -
9 —  225)5720(25
—_— 220 —
8)9(1 —_— 95 seke the goonuk,
8 0 ‘
1 disregarded.
26 X 95 — 220 __

=10

- 225
¢ Hence the chandra days are 95.”

The last rule of this chapter is taken notice of as follows :

“ OF THE SANSTIST COOTUK.”

“ By what number may 5 be multiplied and divided by 63, the remainder will
“be 7; and that number so found, when multiplied by 10 and divided by 63,
¢ the remainder will be 14.

“ The two goonuks are 5 and 10, the sum is the bhady ; the two sekes are
“ 7 and 14, the sum is the chepuk; the bhujuk in both is the same or 63.”

The question is solved as before; it ends ¢ Thus, however numerous be
“ the goonuks given, let them all be added for the bhady ; and the same with
“ respect to the given sekes for the chepuk ; the bhpjuk will be always the
“ same,” : .
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Chapter 6.
¢ THE CHACRA BALA.”

~2000\OI00ee—

'THE multiplication of the square is a chacra bala. There are six cases :
“ The first quantity assumed is called hursua (the smaller) ; its square must be
¢« multiplied by the pracrit, and then must be added the chepuk; that is such a
¢ chepuk as will by addition produce a square, and this chepuk may require to be
« affirmative or negative, which must be ascertained. The root of this square is
“ the jeist : these three, the canist or hursua, jeist, and chepuk must be noted
« down and again written down.” ‘

The distinctions of samans babna and anter babna are given as follows :

‘“ OF THE SAMANS BABNA*"

““ When the jeist and canist are multiplied into each other (budjra beas)
¢ the sum is the hursa or canist, It is called budjra beas from its being a tri-
“ angular multiplication ; the upper, or jeist, or greater, being multiplied by the
“ lower, smaller, the canist; and the canist multiplied by the greater or jeist;
¢ the two products added is the hurs.

“The two canists multiplied together, and multiplied again by the pracrit,
¢ then the product of the two jeists—added altogether, produces the root of the
« jeist; the product of the two chepuks then becomes the chepuk.”

The anter babna is described thus: ¢ The difference between the two products
¢¢ or budjra beas, produces hursa or canist. The product of the canists multiply
* by the pracrit, and the difference between (¢his and) the product of the two

¢ Jeists - is the root of the jeist, and the product of the two chepuks is the
¢¢ chepuk.” -

The rest of this is very imperfect, but the cases of g8 = Bp and pg = ;‘, and

) + 1=(, are plainly alluded to. (See notes on the Persian

the rule A (
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translation.) ¢ Thus” (it is added)  the root of the canist and jeist may be in a
“ variety of cases found.”

After this there are examples the same as in the Persian translation, and worked
the same way as far as the * Operation of Circulation ;” and, after the examples.
“ Hence, how various soever the Ist, from the somans babua and anter babna may
“ he produced canist, jeist, and chepe; and hence it is called the chacra bala.”

"I find no abstract of the rule for the ¢ operation of circulation,” but there is
the first example, viz. 672* + 1 = [0, as follows: “ Roop 1 is the canist, 3 is
“ the chepe; then the pracrit 67, canist 1, jeist 8. Hurs 1 is the bhady, chepe is
“ the bhujuk, jeist 8 is the chepuk ; then by the cootuk gunnit

“ Bha. 1, che 8,

o “ Hur 3; hence the goonuk 1.
“ then the square of 1is 1, 67 — 1 =66, but this is not the smallest; then
“ 343=6, 6+1=7; its square 49, deduct from pracrit 67—49=18; 3)18(6 ;
‘““ but the negative must be made affirmative 6; and 5X5=25, and 25 X67=
“ 1675, and 1675+6=1681 its root 41 ; then by the cootuk gunnit
“ Bha 5, che 41, '
“ Hur 6 ;

“ then 5X5=25 and 61—25 =42, 6)42(7 ; the lubd is the canist 113 11x11=

121, 121 X67=8107; chepe is 7, 8107+7=8100 its root is 90 which is the
“ jeist ; then by the cootuk
¢ Canist is bhady 11, che 90,

“ Hur 7.

¢ Here the goon is 2, che7; 74+2=9 the second goonuk ; its square is 81
€ 81—67=14; 7)14(2 the other chepe.”
¢ The canist 27. This is made jeist 221.
' “ Ca. 7, 221 jeist, che 2.
“ Ca. 27, 221 jeist, che 2.

“ Ca. 11934, jeist 97684, che 4.
“ Ca. 5967, jeist 48842, che 1.
¢ The square ca. 85605089, which multiply by 67, and 1 added, the sum will
“ be 2385540964, and its root is 48842.”




BOOK 1.

“"T'HE unknown quantities, &c. must be clearly stated, and then the tquation
“ must be reduced in the manner hereafter shewn by x, by =+, by the rule of
¢ proportion, by progression, ratios, by > ; still maintaining the equality.
¢ When they are otherwise, add the difference ; then sodana the quantities; the
* same with respect to roots. In the other side of the equation the roop must be
‘¢ sodanad with the roop. When there are surds they must be sodanad with
“ surds; then by the remainder of the unknown quantities division, the roop
% must be divided ; the quotient is the quantity sought, now become visible.”

“ Then the quantity so found must be utapanad, in order to resolve the
¢ question.”

It will be remarked that the Persian translahon has “ the figure of the bride,”
for that expression which is represented by [N\ in the above abstract. K Mr.
Davis tells me that the original had nothing like a reference to Euclid, and that
this part related simply to the proportions of right-angled triangles.

" There follow abstracts of the seven first questions of this book, with their
solutions, which are the same as those in the Persian translation.

" The first part of the first example is: “ One man had 6 horses and 300 pieces of
« silver, and the other had 10 horses, and owed 100 pieces of silver; their pro-
« perty was equal. Quere, the value of each horse, and the amount of the pro-
«pefty of each person. Here the unknown quahtity is the price of one horse.

“Ja 6, roo 300
"« Ja 6, roo 100 these are equal.

“Ja 6, roo 300

: “Ja 10, roo 100. Sodan, that is transpose.
roer - “Ja6 4+ 300 = Ja 10 — 100
“Ja 4 = 400

“Ja =100
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The third example, where the Persian translator has introduced the names
Zeid and Omar, is in Mr, Davis’s notes thus:

“ One man said to another, if you give me 100 pieces of siiver I shall have
“ twice as many as you ; the other said give me 10 pieces and I shall have aix
“ times as many as you. Quere, the number each had.
“Ja 2 roo 100
“Ja 1roo 100
“ Ja 12 roo 660 -
“Ja 1 roo 110

¢« Diff. Ja 11 roo 770
“Ja roo 70

BOOK 2.

RO

“"THE square root of the sum of the squares of the bhoje and cote is the carna.
“ Explain the reason of this truth.

“The carna is ka ja; the figure thus, % Divide this by a perpen-

“ dicular % / ; these are equal triangles. The bhaje is abada or given.
5 N
/35,
¢ The lumb or perpendicular is the cote, m In the latter the cote
. ; Ja / .

“is a carna, the lumb perpendicular is the bhoje, the cote is the carna; they are
¢ similar triangles, When the bhoje, now carna, gives the lumb for the cote,
“ then cote for carna how much? Thus by proportion the cote is found.”
Also , : , .
“ As bhoje 15 is tp carna, then from this carna 15 what bhoje ?

°
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¢ 'Therefore 15 X 15, and dmde by Ja 1, and the small bhoje is found =
225 .
ar
. » A3 cote 20, to the cama, 80 is the carna €0 Whiat cote?”

L 400 225 _ 625 . o
This is found = T and this added to L= Ta1® tllc,‘c.arzna, whence

Again.

25 =Jal. :
. * Then from the bhoje to find the petpendnculat.
¢ The bhoje 15, its square 225; bhoje abeda = 9, its square 81; the differ-
“hencc is: 1445 Ats root is the lumb 1%,
“ So, the cote 20, its square 400 ; cote abada 16 its square 256 ; difference
“of squares 1445 its root the lumb is 12.”  Again,
. Anothcr way. :
+¢ Canajal; then ha.lf the rectangle of the blxoje and cote is equal to'the
“ area = 150 ; therefore the area of the square formed upon the carna in this
« manner will be equal to four times the above added to the contained square,
‘. which square is equal to the rectangle of the difference between the bhoje and
. “ cate, whichis 5 X 5 =25. The rectangle of the bhoje and cote is 15 X 20

¢“=300;and 300 X2=600 (nrsoo X 4); 600 + 25 = 625, which is equal to‘

4 the area of the whole square drawn upou the carna, and therefore the squarc
“ root of this is equal to the carna = 25. If this comes not out ap integral
“ number, then the carna is impertect or a surd root.

+* The sum of the squares of the bhoj¢ and cote, and the square of the sum. of
‘¢ the:bhpje and cote, the difference of these is equal to twice their rectangles;-
‘“ therefore (theovem) shesquare root of. the squares.of the: bhoje agd gote is.equal:
“ to the carna. To illustrate this, view the figure.” |

~Here-a figure is given which requires explanation to make it intelligible.

"¢ La_that figure-where 3 deducted fram the bhoje, and the square; reot madeof:
“ the remainder, and ope deducted fyom the square raot, and where. the. remamdgr
“ is £qual to the difference between the.cote and carna. Requirert the bhoje, cote, -
“ a.nd carna. 0

'.'.._'..’.”;;‘n,. T N P A T M.
i Lt p] [‘. O’Eu,’)x8“n:‘) Ry a el 0h 2

# Let the assumed.numbex-be £,. to which mld 1, itsisquagcds madesy 9y to. this
‘“add 3, whence the bho_lc is12; its square is 144, and tlns by the fore«romg is
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¢ equal to the difference between the squares of the cote and carna ; and the sum
“ of the cote-and carna multiplied by their differcnce is equal to this.”

Then follows something which I caunot make out, but it appears to be an
illustration of the rule, that the difference of two squares is equal to a rectangle
vader the sum and differenge of their sides, probably the same as that in the
Persian translation.  The end of it is,

* Thus the square of 5 is &4, and the differevce batween 5and 7, sides of the
“ square, is 2; the sumof those sides is 12, which multiplied together is 24;
“ therefore equal to this is the remainder, when from the square of 7 is deducted
“ the square of 5.

“The difference hetween the squares of these is known, and thence the
¢ cote and carna are discovered thus : This difference of squares divide by the
¢t difference of the cote and carna, or difference of roots, 3s in the Pati Ganita,

i
o134 72, and this is the sum of the two quantltles sought, as is tanght in the

* Pati Ganita, but their dlﬂ"ercnce is 83 therefqre deduct 2 from the sum, the
“ remainder is 70, ‘and half of this is the first quantity sought. Again, add 9 to
‘72, the sum is 74 its half is 37 the other quantity ; therefore the cote is 85,
*¢ the carna 37.

“ When the proposed difference is 1, the numbers are found 7, %, 85; multi-
“ply these by 4, the numbers will be 28, 96, 100. :

Then follows a note of the rule, that the difference of the sum of the squares of
two numbers, and the square of their sum, is equal to twice the rectangle of the
two numbers, and this examplc as in the Persian translation.

“ The two numbcrs are 3 and 5; the 'sum of squares 9 + 35 = 34; the sum
# 8, its square 64; the difference- is 62—34£30; then 5 X 8=15, 15%2=50,
‘“ equal to the above, But when the sldes are not known, byt:the difference of"
¢ their squares, 16 then divide by g2, ( 0ig. by the dzfermce of the number:)‘

“ 'l§'b = 8; this is their sum, and dedunLthexr diﬂ’ercnce 8'=~2 =6, half this is

“ one’ nmhber, and 84-2=10, and _. =35, tbe other nnmber ”
o 2
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The next is,

¢ In the figure where the sum of bhoje, cote, carna is 40, and the product of
*‘ bhoje and cote 120. What is the bhq;e, cote, carna ?

¢ Multiply the product 1:0 by 2 =240, this will be équal to the difference between
«¢ the square of the sum of the bhnje and cote and the carnas square. ‘The sum
*¢ of the squaies of” the bheje aid cote equal to square of the carna; therefore the
¢ product of the bhoje aud cote X 'by 2 i8 ‘equal to the difterence between the
s rectan«rle and cote (the squaw) of the sum of the bh- je, and the square of the

rna v ) . X " -

< Divide this number 240 by the sum of the bhoje, cote, and . carna 40 _6

“ whlch is ‘equidl to the d:ﬂ"erence between the carna and the sum of bhOJc and

- 40
‘i cote Hencc —

; 9..— 17 the carma: 23 sum of bho_]e and cotc, squared is
£ 529. Multnply the Tectangle of bhoje and- cote 120 by 4 = 480, the remainder
“ 49, and 1ts root 7 3 thns is the (hﬁ'erence of bho_]e and cote ; deduct this f’rom

* B

16
& theu sum 23 23 — 7= 16 its half 7= . 8 is the bhOJe 23 + 7 = 30, its

“half- fs-the vote ¥5.” < © .

* Thé hextds . B - Lo
“ Where the sum of bhoje, -tote, carna is 56 and thelr product 4200, what
“ 3, carna? | _
R The sum of bhq;e, cote, carna. ' P

. .
- . ot

roo 56 s thesc th;ee ,multlphed 4-200

_0.—:'2100 equal to sum of squares of bhOJe

“ and oote 1s;§abha 1, -sum- of. bho_]e and cote Jja. l, roo 56 the, squaxe Js. bha I

L e L GE

s The rectan«rle of bho_;e and cote

L~

.-

00 .
“Ja 112 roo 3136, thc dlﬁ'erence bet)ween fhem 1s equal to 04 T,

STV S -’“ thery,{ore Ja’ “2 *_1'0*0‘8‘1"36. T I A B 1«»‘[.”
Ja 0 roo 8400 B

. . . v
? . Loe .e - . < P e B L Voeey )
. . . ' FEREER ‘as

L T R S ‘.. ¢’ Jal . B R

4
-
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“ divide both by 112; reduce both sides, and it will be

Ja1 roo 28
. JaQ roo75

' Jal
Reduce the fractions. .

¢ S “ Ja bha 1, ja2es8, roo O
“Jabbao, ja 0, roo75

. % Multiply by 4, and add the square of 8.
““Jabhaa, Ja112, roo 800 (should be 784)
“Ja bba 0o, Jao roo 484

;ag 00 2 zg then add, J 2, divide by 2 =2, which i
¢ the jabut, and therefore carna.
“ Then for the bhoje cote. The three multnphed are 4200. Divide by cama
4200
25 .
“and 168 X4=672. The square of 31=961,” (the difference) *“ 289, its square
¢ root is..the difference of bhqje and cote = 17 ; deduct this, 81.— 17 = 14, its
‘¢ half 7, which is the bhoje ; and 31.4 17 = 48 .its llxalf ?4 ;ig the cote.”

“ The square root

= 168 = bhoje X by cote. The sum of bhoje and cote = 56— 25=31,

The lines above have been carelessly drawn. The true Hindoo method of'

writing the equation — » 4 28 = -7:? I understand to be this, ja lj roo 28, and
‘ ’ Yue . L ) "."Ja o; Roo 75. 3"

. ) . ’ P

| R T
that of =* 4 287 = 75 this, Jabha1 |ja g8 | reo.0 _ .
-  Jabhao|ja 010075

. .- ' L S

4
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Books 3, 4, and 5.

I rinD among Mr. Davis’s notes a small part only of the beginning of the
3d book, which consists of rules for the application of the cootuk to questions
where there are more unknown quantities than conditions. I find also some
notes which evidently relate to the first example of this book; but npthing
distinct can be made out.

There are no notes relating to the 4th book.

Of the 5th book only this:

‘¢ When there are two or more quantities multiplied, the 1st quantity must be
“ discarded~then” ..., There is also an abstract of the first example, the same as
that in the Persian translation.

Extracts from Mr. DAVIS s Notes, taken from a modern
Hindoo Treatise on Astronomy.

e o

“By the.method of the Jeisht and Canist from two jyas* being found, others
“ may be camputed by those who understand the nature of the circle (the bow

w -y ——r . ] v SdiAds

» Jya or jaws sine—The modern Europesns-acquired thelr knewledge of the sine from the Arabiane; and it
is obvious that they used the term sinus only, because the word jeed (s..a.a.a..), by which the Arabians called the
linein question, is translated sinus indusii. The radical meaning of (\aAZ) is 10 cut, and it dagotea the bosom
ofapmentwly.bmmetbeprmentismdu!tomakeapﬂd;mﬂhﬂymﬁdtbﬂ%
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“‘and arrow), and thus, by the addition of surds, may the sum and the
“ difference of the arc and its sine be computed whether that arc be 90 degrees,

“ more or less.

does not mean bosom, but that among the Arabjans it signifies that part of their dress where the pocket is
usually placed, and in some languages which abound in Arabic words, as the Persian and the Hindoostanee,
it is the common tenn, not only for a pocket in the bdsom, but for amy pocket wherever it may be. Inall
Armbic dictionaries this yory is expl;med a8 above, and in some, thaugh not in all,’(i¢ is mot jn the: Kn:bfo’l
Loglrat) the line we call sine is gtven asa second meaning.

The Arabs call the arc koxs ( U™ ):), which signifies a bow ; the cord wutr ( 5 )) » which is tbe 6ow-:lrm‘,
and the versed sine suhum ( N..), which is the arrowe. But the sine they express by a word which has no

comsexion whatever with the bove,

The Mathenmatical history of the Arabians is not known enough for us to speak posltwel) about the ﬁu; use
of sines among them, but there seems to be reason to suspect that they frad it from a fomgu source, probably
from the Indians,

- The Sansetit wotd for the ¢hord is jow, or more properly jys and fisa. (For tbm terms see. Mr. Davis's
paper in the second volume of the Asiatic Rescarches; the literal explanation of the words has ben given me by
Mr. Wilkins,} and the sine is called jya ardhi, or half cord ; but commonly the Hindoos, for brevity, use jya
for the sine. They also apply the word in composition as we do; thus, they call the cosine ctijyd, teamiing the.
sine, the side of a right-angled triangle; the sine (or right sine) &hojjya, meaning the sine, the base of 4 right-
angled triangle, and cramajya the sine moved; the versed sine they call oolerumajya, or the sine moved upe
wards; the radius they call ¢ridjya, or the sine of three, (meaning probably three signs.) In their term for the
diameter jyapinda, or whole jya, the word is used in i(s propet acceptatlon fot chord, and not for jya ardhi,

or sine,
Tt seems as if \_aA™ 2nd jya were originally the same word. M. Wilkios (the best autherity) astdres me

thit jya, in the feminine sioa, is undoubtedly pure Sanscrit, thayitis. fqund is $b% beyt-gnd oldest dictiqnpries)

and that its meaning is 4 bowssiring.
The Arabians in adapting a term to thé idea of chord, 'had refesence to the Giing which it resembled,

and called it )J ) 9 or the dowwsiring ; but having so applied this terny, they had to seek another for sine;

then they would naturally refer to the name of the thiagy and callit by some word in their own language,
which nearly resembled that under which it was originaly known to them. This mode of giving a séparate

deslgnauon fo the sine was evidently more cénvenient than that of the Hmdoas, 36 I conjecture that
for sme i nd other’ ‘than the Sanscrit word Jya ot jiva. A SR L

1t 15! remidfkatie that the Sumecoli térsds for thesides of . 3 rightringlod mm.u Dave refererce 1o a dow ;"
they seem to be named from the angular points which are formed by the ead of the bow, the arm which
holds™if, and thé ear Yo "WhTthrshe-string is drawn; thus the side is called cati, or ewd of the bow; the-base
b/uy, or the arm; and the hypothénuse carna, or the ear. Some further explanation however is desirable
to'shigw why By th ‘the téih R eh Bird, ~md goti{as v ehosldde:by: an\om the cesion, mmm

P

Cﬂllimmdiwﬁﬂ""‘)" v! («4\ 6\‘I1r.v wrlp e ante Ly SYEN s, nde
TheH rntlood i 3 woed for the réaaed sins, sur, whicls signifitedrron, mnmw J&wa
iansd 07y bad v liuerrous g - o opr b 203 0 ter Y wt s ,ed (1 ot g 6 D)
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“ Multiply the jaw of oné of two arcs liy.the codjaw of the nather- agesdivide
¢ the product by the tridjaw, add the twe quotients and aleo subtract them ; the
““ sum is equal to the jaw of the tworages, the other is the jaw of the difference
between the two arcs,

¢ Again, multiply the two bojejaws togethers and lkewise i thd twe:.cDtejaws
“ togetlur, divide by the tridjaw. Note the sym.and the difference. The sum
‘“ is the cotejaw of the sum of the two ajgs, the dsﬁ'erenoe is the cote_]aw of the
¢ difference of the two arcs. comen ity e St ot ta

“ In this manner Bhascara computcd the sines in his Srmmony, and others
“ have given other methods of their own for computing the same.

The author of the Marichi observes, * that the author ¢f the Siromont derived
‘¢ his method of computing his sines by the jeisht and canist, and diagonally multi-
¢ plied. (ba jera beas), .the jeisht and canist being the cotejaw-and the bojejaw ;
-% hence he thund the sines of the sum and difference ‘of : two arcs, ‘the third

#¢ canist being those quantities. He did not.use:the terms jeisht and. caniat, - but
“in their room bojejaw and cotejaw. I shall therefore explain how they
swereuseds . -
. %The bqeygw = camst (smali).

“ Cotejaw = jeisht (larger). co S .
*¢ (Fhe theorem then is what square multiplied by 8, and 1 added wnll protlucc
5 4“a square).

s« % Multiply the given number (8) by the square of the canist, and add. the
e cbepuk the sum must be a square.
.- ¢ The bojejaw square deducted from the tridjaw square, leaves the coteJa\v
“ squarc, .therefore the bojejaw square is made negative, and the tridjaw square
« added to a negative being a subtraction, the tridjaw square is made the chepuk.
¢ The canist square, which is the bojejaw square, being multiplied by a negative

‘ becomes a negative product, therefore the quantity is expressed by 1 roop
“ negative.

“ Then the bo.)eJaw square multiplied by 1 roop negative, and added to the
* tridjaw, its square is the cotejaw.

« Hence the bojejaw and COl¢JaW in the theorem by Bhascara, represent the
“ canist and jeisht, and 1 roop negative is the multiplier, and the chepuk is the
“ square of the tridjaw, and the equation will stand as follows :

"~ & Canist 1st. jaw 1: jeisht 1st. cotejaw 1 : chepuk, tridjaw square 1,

“ Canist 2d. jaw 1: jeisht 2d. cotejaw 1: chepuk, tridjaw square 1.

X
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¢ These multiphied diagonally produce
* 1st jaw 1. 2d cotejaw 1,

“ 2d jaw 1. 1st cotejaw 1.

¢ These added produce the first canist, viz.
“ 1st jaw + 2 cotejaw.
“ 2d jaw + 1 cotejaw,
¢ which is the sum (or joge) and the difference.

 1st jaw — 2 cotcjaw.
“ @d jaw — 1 cotejaw.

% Thus from the sum and difference are produced two canists, and the square of
“ the tridjaw squared is the chepuk; but the chepuk wanted being only the
« square of the tridjaw, then as the Bija Ganita directs divide by such a number
« as will quote the given chepuk.

¢ Therefore the tridjaw being the ist, or assumed, or given quantity, divide
¢¢ the canist by it, the quotient will be the tridjaw square, and hence the theorem
¢¢ in Bhascara for the bojejaw.

‘ And in like manner the cotejaws are found ; but Bhascasa did not give this
* theorem for the cotejaws, because it was more troublesome. He therefore gave
« a shorter rule. But since the cotejaw square is equal to the bojejuw square
“ deducted from the tridjaw, therefore the same rule tay be applied to the
“ cotejaw, by making the cotejaw the canist, and the bojejaw jeisht ; thea by the
“ foregoing rule the cotejaw of the sum or difference of the arcs may be found”.
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Second’ Extract.

[

“Sroca. The munis determined the equations of the plﬁnets centres for the
“ use of mortals, and this can be effected only by computations of the sines of
‘““arcs. I shall explain and demonstrate their construction and use,

‘2. And for this purpose begin with squares and extractions of roots, for the
¢¢ satisfaction of intelligent persons of ready comprehension,

- 3. - The square is explained by the ancients to be the ‘product of a number
“ multiplied by itself. (He goes on to show how squares are found and roots
% extracted as in the Lﬂavatt) :

' “6 Square numbers may be stated infinitely. The roots may be as above
“extracted -but there are numbers whose roots are irrational. (Surds.)

“7. The ancients have shewn how to approximate to the roots of such
“ numbers as follows: Take a greater number than that whose root is wanted ;
“ and by its square multiply the given number, when that given .number is an
~¢ integer. - Extract the root ‘of the product, divide this root by thé assumed
“ number, and the quotient will approxinate to the root required. If the given
S number be a fraction, multiply and extract as before. To approximate the
#¢ nearer the munis assumed a large number, but the apploxrmatlon may be made
“ by assumlng a small number.” :

And after a blank. -

¢ In like manner surds are managed in the abekt or eymbohcal letters’
¢ (Algebn) expressmg unknown quantinbs.” A e e

Again, ‘after a b]ank T S ) P
... % Some: havepretended to have found the root of a surd, and that ‘this might
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“ be effected by the Cutuca Ganita, attend and learn whether or not this could
‘““ have been possible. I shall relate what Bhascara and others have omitted to
‘ explain, A root is of two kinds; ounge a line, the other a number. And the
“ root of a square formed by a line expressing 5, may be found, though the root
“ of 5 cannot be numerically expressed ; but the numbers 1, 4, 9, &c. may be .
¢ expressed both ways. 2, 3,5, &c. are sufds, and can have their roots expressed
‘ only by lines. (He goés on to shew the impossibility of finding the root of a
“surd, though it should be eternally pursued through fractional quantities.)
“ The root of a surd may be shewn geometrically.”

I Have copied these two extracts exactly as I found them ; there appear to be
one or two errors which it may be as well to mention. In the first extract the
latter part of the first sentence should, perhaps, run thus: ¢ By the addition of
“ the jeisht and canist may the sines of the sum and difference of arcs be
“ computed,” &c.

I observe that where jeisht and canist first occurred in these notes Mr. Davis
translated it originally * arithmetic of surds,” and afterwards corrected it;
probably from oversight it was not corrected in the second place,

The value of the cosine of the sum of two arcs is given instead of that of the
difference and wice versa.

There is an error also in writing the sum and' the difference of the cross pro-
ducts. ‘ ’ R o

I know nothing of the author of the Marichi. Possibly he might have
observed that the jeisht and canist rule corresponded with the formula for the sines
and cosines, and the latter were not derived from the former by Bhascara, but
invented at a later period, or introduced among the Hindoos from foreign
sources. Probably however the application and the formule are both of Indian
origin. '

As for the second extract the rule for approximating to the square root is the
same as that given by Recorde, in his * Whetstone of Wit,” which was pub-
lished in 1557; and by his contemporary Buckley; (for an account of whose
method see Wallis’s Algebra, p. 32. English edition.) I have before stated, that
P <
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this rule is also in the Lilavati. I mentioned it generally then only because of
its connexion with a. trigonametrical proposition. The following is a literal
translation of the rule, as given by Fyzee: ¢ Take the squares of the base and
“ gide, and add them together; then multiply by the denominator and write it
¢ down. Then assume a large number: and take its square, Then multiply it
¢ by that which was written down. Take the square root of the result and call
¢ it the dividend. Then multiply that denominator by that assumed number,
¢t and call it the divisor. Divide the dividend by the divisor, the quotient is the
“ hypothenuse.” This is not delivered with perfect aceuracy, the true meaning
however is plain. If the assumed multiplier is decimal the method gives the
common approximation in decimal fractions. The writer denies that the root of
a surd can be found by the cootuk, but he speaks of it as a subject to which the
cootuk was said to have been applied. It is very improbable that such a thing as
this should have found its way from Europe to India, and it is very probable that
wmany thimgs of this sort were to be bad. from Hindoo sources. '
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EXplanatlon of Sanserit. Words ysed in Mr. Davig’s

Notes.

—— G

BIJA GANI TA—AIgebra—therally seed counting.

Pati Ganita—Arithmetic—Ganita seems to be used as we use anthmetxc. Thus as we
have arithmetic of integers, arithmetic of surds, decimal arithmetic, &c. the

Indians have bija ganita, pati gani

Jabut Tabut—The unknown quantity, as we us
how this comes to be so used. It
Hindoo notation, if the word panc

Abekt—Unknown,

Carni, surd—Hypothenuse—Literally ear.

Mahti and laghoo—Greater and less.

Roop—Known quantity—Literally form, appeannce.

Bhady—Dividend.
Hur—Divisor.
Bhujuk—Divisor.
Seke—Remainder.
Dirl—Reduced.

Chepuk or chepe—Augments
Bullee—Chain or series.
Unte—Last.

Upantea—Last but one.
Lubd—Quotient.

Goonuk or Goon—Multiplicand.
Rhin—Minus—Literally decrease.
Coodin—An astronomical period.

Urgan—Number of days elapsed.

Bekullas—Seconds.
Cullas—Minutes.
Ansas—Degrees.

It is not clear
to the rest of
first letter of
pandu is very like that of jabut, and they might easily be confounded.

Kaluk, neeluk, §c.—Unknown quantities—Literally the colours black, blue, &c.
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Bhaganas.—Revolutions,
Calp—The great period,
Raas—Literally a heap, a sum total, a constellation.

Cootuk—The-principle on which probléms of this form - ﬁl_bJr_ = y are solved,

Sanstist—Ditto of‘-zl-)2 =y + ¢ and é;- =z +.e.

Chacra-bala—Ditto of ax* + b = y? —~Literally strength.

Hursua, hurs, hursa—x in the above form — Literally small.

Pracrit—a in Ditto—Literally principal.

Jeist or Jeisht—y in Ditto—Literally greatest.

Canist—zx in Ditto—Literally least.

Samans babna—I1f ax'* 4+ g = y'* and Af* + 8 = g2, then the rule A" = x'g + yfis called
samans babna—Literally contemplation of equal degrees

Anter babna—1In the above form, when "/ = x’g — y'f, it is called anter babna-—therally
contemplation of difference.

Budjra beas—Cross multiplication which produces the above forms — Literally crass
diameter.

Cootuk gunnit or cutuca ganita.—Cootuk Calculation.

Sodana—Reduce—Literally purify.

Utapana~~Brought out.

Bhoje—Base of a right-angled triangle—Literally arm,

Cote— Side of Ditto —Literally end of a bow.

Carna—Hypothenuse—Literally ear.

Lumb—Perpendicular—Literally length.

Abada—Given.

Ist—Assumed.

Jaw or Jya—Sine or chord—Litcrally bow-string.

Bojejaw—Sine.

Cotejaw—Cosine.

Tridjaw — Radius—Literally sine of three ; perhaps meaning of three sngns or 90 degrees.

Addy—Intercalary.

Che-tits (Cshaya tithi)—Difference of solar and lunar days,

Abum—>? For bhumi savan—solar days.

Chandra—Lunar.

.

For the literal explanation of these terms, as far as they could be made out, I am obliged
to Mr. Wilkins. Most of the words are written here according to their common pronuns
ciation in Bengal.
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DEAR STRACHEY,

HaviNg just laid my hands on a parcel of papers of notes, containing abstracts and trans-
lations from the Bija Ganita, made by me, with the assistance ‘of a Pandit, as long ago as
when I was stationed at Bhagulpore®, 1 send them to you with full liberty to make any use
of them. Ever since my removal to Burdwan these papers have lain unnoticed, and might
have continued so had it not occurred to me that you are occupied in such researches. There.
may be trifling inaccuracies in some places, the translations having been made carelessly and
never revised ; but their authenticity may be depended on, as they were made from the original
Sanscrit Bija Ganita, which was procured for me at Benares, by Mr. Duncan. I send also
a book of memoranda, containing chiefly trigonometrical extracts from a modern astronomical
work in Sanscrit, which I suppose to have been written in Jey Sings time.

I am very sincerely your's,

Portland Place, Jan. 1812. S. DAVIS.

THE END.

coyenT o ed o 0YNR T T T e A . N

£ % About the year 1790,

Glendinning. Printer, l{afton Garden, Lordon,
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